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1. Introduction

Modern nuclear physics as well as many-body theories are valuable tools which may allow
us to improve our understanding of the physics of compact objects. The interest is twofold: on
one side, learning about the fundamental characteristics of stellar matter, as the equation of state
(EOS) and the corresponding transport properties, is expected to shed light on the nature of the star
and this fact may have significant astrophysical consequences. A considerable amount of work has
been done concerning macroscopic characteristics of neutron stars (NS) as the relationship between
stellar masses and radii in connection with the EOS [1]. Transport properties of NS, in particular
those of their crusts, are important in understanding the evolution and structure of the star. As a
matter of example, the thermal conductivity should be crucial during the cooling process of the star
and the stellar viscosity could be relevant in the damping ofdifferent kind of oscillation modes and
in the elastic properties of the crust-core boundary as well.

On the other side, the EOS and the transport properties of nuclear matter in NS are topics in
direct connexion with present perspectives of interest in heavy ion (HI) reactions. It is then very
promising if valuable informations about the fundamental properties of nuclear matter could be
extracted from experiments involving very asymmetric systems in terrestrial laboratories.

NS are known to be born after the collapse of supernovae explosions. After their birth they
proceed to cool down below 109 K, forming a solid crust in the outermost layers where densities
attain values as high as 1011-1013 g cm−3. Even if the crust contains only a small part of the star,
it plays an important role in its evolution. HI and NS crusts share basic many-body aspects due to
the fact that, at the conditions of density and temperature specific to the crusts, they are essentially
made of interacting nucleons. Having more neutrons than protons, many physical properties are
related with the asymmetry dependence of the nuclear interaction.

In this work we focused on the microscopic physics of NS crusts through a dynamical model
named DYWAN [2]. In this region, densities are just below thesaturation value and the nuclear
matter is said to be “frustrated”: subjected to the competition of the short-range nuclear attraction
and the long-range Coulomb repulsion. As a consequence of this competition nuclei belonging
to the solid layers may organize dynamically forming non-spherical composites. Then, structures
such as rods and slabs as well as states in which matter is completely turned inside out, forming
cylindrical and planar "holes", were predicted to exist in the ground state of nuclear matter by
static approaches [3]. In these models the occurrence of those structures, the so called nuclear
“pasta”, was obtained from energy considerations on previously defined structures. Pasta phases
should appear in a well defined order with increasing density, going from spherical to cylindrical,
to planar, to complex structures, to finally become uniform at the highest densities. This typical
sorting of structures was confirmed by recent works [4], which have also suggested the formation
of these exotic shapes during the cooling process of hot NS and in the compression stages taking
place in supernova cores collapse [5]. For these reasons it should be worthwhile to perform a
dynamical description of pasta formation.

The present model describing the dynamics of nuclear matterin the crust of a NS is an exten-
sion of a dynamical approach initially developed in order todescribe HI collisions at intermediate
energies [6]. In contrast to the many previous studies employing static frameworks, this model al-
lows to simulate the dynamical processes in inhomogeneous nuclear matter using a large number of
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nucleons without any assumptions on the structure of nuclear matter. Since these structures involve
a variety of low energy configurations, a pure mean field description of the nuclear dynamics has
been performed. Starting from initial crystalline lattices of nuclei with different symmetries non-
spherical structures occur as the result of microscopic self-organization processes. The survival of
those meta-stable equilibrium structures has been checkedover thousands fm/c [2]. In this work,
the influence of the isotopic compositions and of random lattice perturbations on the formation of
exotic structures are studied. The shear viscosity as well as the thermal conductivity of the dense
stellar material have been estimated in several works [18]-[21]. The corresponding coefficients are
here calculated and compared with a semiclassical approach[8].

This contribution is organized as follows. In Section 2 the bases of the model are presented.
In Section 3 we analyze the occurrence of structures in oxygen and iron lattices, the response of
which to coherent and to incoherent lattice perturbations are discussed. In Section 4 the transport
coefficients are calculated. In Section 5 our concluding remarks and outlooks are given.

2. A dynamical description of the crust

At temperaturesT < 1 MeV and densities between 106g/cm3 at the surface and 3×1013g/cm3

at the interface with the core, the stellar matter can be modeled by a neutral mixture of nuclei, elec-
trons and free neutrons. Nuclei are expected to form a crystalline lattice immersed in a degenerate
relativistic gas of electrons, which may be described by a uniform density distribution [9]. Dif-
ferent microscopic descriptions of NS crusts have been developed since the 80’s decade. Pioneer
works [3] were in the framework of the liquid drop approach. They assumed geometrical shapes
of matter and used the Wigner Seitz (WS) approximation, where individual cells are replaced by
uniform spherical cells centered in the sites of the overalllattice. Since then, more sophisticated
selfconsistent calculations have emerged. Reference can be made to approaches in one dimension
and in the Wigner-Seitz (WS) approximation [10], or in threedimensions [11], all of them confirm-
ing the occurrence of non-spherical structures. Dynamicaldescriptions have also been developed
more recently. Among them it can be mentioned a hydrodynamicapproach [12], the semi-classical
Molecular Dynamics (MD) model [13], the Quantum Molecular Dynamics (QMD) [14] and the
DYWAN model.

In our approach nuclei are initially located on the sites of athree dimensional lattice with
periodic boundary conditions. A static selfconsistent procedure is implemented in order to prepare
nuclear composites either in their ground states or in excited states according to some mechanical
or thermal constraints. Different kind of lattices can be implemented so as to describe the initial
crystal state. Asupercellis constructed by stacking individual cells in the 3 dimensions. In the
case in which a unique nuclear specie is considered the number of nucleons in the overall supercell
depends on the kind of lattice we use. It is given by the general rule:

N = ANnn
d

whereA is the mass number of the nuclear composite,Nn is the number of nuclei in an individual
cell (theprimitive cell), n is the number of replicas per dimension andd is the dimension of the
lattice. In Fig. 1 are represented the primitive cells corresponding to three types of cubic arrange-
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ments, from left to right: simple cubic cell (SCC), face centered cell (FCC) and body centered cell
(BCC).

Figure 1: From left to right: primitive cells corresponding to simple, face centered and body centered cubic
cells.

Individual nuclei are self-consistently prepared beyond the WS approximation by solving the
Hartree-Fock equation:

[−
h̄2

2m
∆ +VHF ,ρ ] = 0 (2.1)

To this end the one-body density matrixρ is spanned in a progressive basis of wavelets [15]. These
functions, belonging to the general class of coherent states, are of the form:

αi(x) = Nie
−γ1(x−<x>i)

2
e−γ2(x−<x>i) (2.2)

HereNi is a normalization coefficient and the complex numbersγ1 andγ2 are simple functions of
first and second moments in coordinate and momentum spaces:

< x >= ξx < (x−ξx)
2 >= χx < px >= πx < (px−πx)

2 >= φx

The momentum-position correlationσ =< 1
2[(x− ξx),(px−πx)]+ > satisfies the generalized un-

certainty relation∆ = χφ −σ2 = h̄2

4 . Similar expressions can be written fory andz components.
The preceding analysis provides for each single particle level a set of 12 correlated coordinates
{~ξ ,~χ ,~π ,~φ} representing the centroids and widths of wavelets in phase space.
For the one-body potentialVHF in Eq. (2.1) we considered in this work a density-dependent zero-
range effective interaction of the form:

VHF
q (ρ ,ξ ) =

t ′0
ρ∞

ρ +
t ′3

ρν+1
∞

ρν+1 +
c

ρ∞2ξ 2 +
4qc
ρ∞2 ρξ + (2.3)

Ω
3ρ∞2ξ 2 +

4qΩ
3ρ∞2(ρ −ρ∞)ξ +VC

q

with : ρ = ρn + ρp ξ = ρn − ρp

whereρn andρp stand for neutron and proton densities,q=1/2 for neutrons and -1/2 for protons,
and ρ∞=0.145 fm−3. If t0, t3, x0 and x3 are the usual Skyrme effective interaction parameters
[16], the ones in Eq. (2.3) satisfy the following relations:t ′0 = 3ρ∞

4 t0 and t ′3 = 3(ν+2)ρν+1
∞

48 t3 and
x0 = x3 = −1/2. The Coulomb potentialVC

q has been calculated in the initial state within a Haar
wavelet approximation. The current values ofc = 20 MeV andΩ = -100 MeV were chosen in
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order to reproduce the typical values of baryon density energies in infinite matter [2]. The principal
static characteristics of nuclei, as binding energies, radii and equilibrium densities are also correctly
reproduced with this simplified force.

At the densities and excitation energies involved in the star crust the mean free path of a
nucleon in the nuclear medium remains relatively long. In coherence with the building of the
initial lattice, residual interactions are neglected and the systems is led to evolve according with the
Time-Dependent Hartree-Fock (TDHF) equation,

ih̄ρ̇ = [−
h̄2

2m
∆ +VHF ,ρ ] (2.4)

Eq. (2.4) is solved with the same mean-field as in Eq. (2.1), which is calculated using the overall
density in the entire supercell. Applying a variational principle it is possible to derive [2] a set of
equations of motion for wavelet centroids and widths, in each dimension:

ξ̇ = π/m+(∂V /∂π) χ̇ = 4γχ/m− (∂V /∂γ)

π̇ = −(∂V /∂ξ ) γ̇ = h̄2/8mχ2−2γ2/m− (∂V /∂ χ)

whereV =< α |VHF |α >. The calculation of the coulomb potentialVC
q is now performed using

the Ewald summation techniques [17], which is adapted to thecalculation of long range potentials
in periodic systems.

3. Response to coherent and to incoherent perturbations of the system

The initial crystalline arrangement of nuclei is perturbedin order to provoke its subsequent
evolution and self-organization. A coherent perturbationis a slight excitation applied identically
to all nuclei. Incoherent perturbations have been introduced by slightly shifting at random the
positions of nuclei from the lattice sites. Structures of the order 10 fermis are shown to appear
[2, 7] the characteristics of which depend on the nuclear composites and on the kind of cells.
In most of our primary calculations we considered mainly oxygen SCC cells for computational
convenience. Nevertheless heavier nuclei as iron are expected to exist in the crust. It is well known
from material science that SCC lattices are unstable against Coulomb interaction. As shown below,
this is completely the case for oxygen lattices when excitedwith incoherent perturbations. In
contrast, the system oscillates indefinitely between a few preferential shapes under the effect of
coherent perturbations [2].

In Fig. 2 are represented the snapshots of oxygen isotopes with proton fractionx=0.2 and mean
density〈ρ〉=0.058 fm−3 at t= 600 fm/c. On the left panel the nuclei have been initially prepared
with a small quadrupole deformation long the vertical axis.On the right panel the system has the
same values ofx and〈ρ〉, this time the initial arrangement having been incoherently perturbed. In
this case the initial symmetries are completely washed out as a result of the dynamical evolution.

Iron lattices behave in a completely different manner: theyare extremely stable whatever the
cellular symmetry is. In Fig. 3 we have represented the supercell density att=400 fm/c for an
arrangement of iron isotopes withx=0.5 and〈ρ〉= 0.058 fm−3. As in Fig 2, in the left panel the
system has been coherently excited att=0 with a quadrupole deformation, whereas in the right one
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Figure 2: Oxygen SCC lattices with proton fraction 0.2 and mean density 0.058 fm−3, excited with coherent
deformation (left panel) and with incoherent perturbation(right panel).

Figure 3: Iron SCC lattices with proton fraction 0.5 and mean density 0.058 fm−3, excited with coherent
deformation (left panel) and with incoherent perturbation(right panel).

the perturbation was incoherent. No external signs of the initial perturbation can be tracked down
from the systems represented in both sides of Fig. 3.

At these high densities, proper to the inner regions of the crust, the dominant structures for
the symmetric iron case are planar. More complex and stable sponge-like shapes are observed for
decreasing proton fractions due to neutron dripping from clusters. The results concerning BCC
lattices either for oxygen or for iron systems bear to similar conclusions, accordingly, they will not
be presented here.

4. Transport properties of the nuclear medium

Transport properties of stellar matter are important in understanding the evolution and the
structure of the star. The shear viscosity of the crust characterizes the hydrodynamic flow prop-
erties of matter in that region. It is important for a number of astrophysical problems, including
the computation of the viscous damping of oscillations at the level of envelope of NS. Different
kind of oscillation modes can be excited in NS which can bringimportant informations about their
internal structure. Some oscillations, like r-modes or vortex oscillations in rapidly rotating NS,
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generate gravitational radiation. Other oscillations canbe excited during X-ray bursts, which con-
sist in nuclear explosions on the surfaces of accreting NS. High multipolarity p-mode oscillations,
the corresponding restoring force being the pressure, may impact the pulse shapes of some radio
pulsars. These modes may be damped to some extent depending on the shear viscosity magnitude.
Inertial or r-modes of a rotating NS, the restoring force of which is the Coriolis force, may radiate
gravitational waves and could limit the spin period. They can be damped according to the corre-
sponding shear and/or bulk viscosities. On the other side the cooling time, the heat flow and the
temperature distribution in the star are determined with the knowledge of the thermal conductivity
of matter.

The purpose of this section is to study the transport properties of matter in the conditions
of NS crusts paying a particular attention to the formation of exotic structures and their possible
influence on that properties. Transport coefficients such asthe shear viscosity and the thermal
conductivity are estimated and compared with the results ofanother dynamical approach [8]. In
that reference it has been argued that, as one could expect from the behavior of complex fluids, the
presence of pasta phases in the nuclear medium could radically modify the corresponding transport
parameters. Accordingly, we investigated the possible influence of sizes and shapes of clusters in
transport coefficients, in particular looking for a possible significant modification when going from
low densities regions, characterized by isolated spherical ions, to high densities where pasta phases
take place.

Different authors ([18]-[21]) have calculated transport coefficients on the basis of the varia-
tional method proposed by Ziman [22] to solve the Boltzmann equation of motion for the electron
distribution function. The basic hypothesis is to considerthat the main carriers of momentum
and energy are electrons which are scattered either by ions or by isolated protons depending on
the density. Electrons are assumed to constitute a degenerate relativistic free gas while ions can
be considered as a non-degenerate, non-relativistic fullyionized fluid, their corresponding mutual
interaction being sufficiently weak to admit that electronsare not far from equilibrium conditions.

In coherence with Ref. [8], we implemented in our description the shear viscosityη as derived
in Ref. [20]:

η =
1
5

nepFvF τη (4.1)

wherene is the electron number density,pF and vF are the Fermi momentum and velocity, re-
spectively, andτη the corresponding relaxation time. The thermal conductivity κ was calculated
according to Ref. [21]:

κ =
π2nek2

BT
3m⋆

τκ (4.2)

wherekB is the Boltzmann constant,T is the temperature, here:kBT = 1MeV, m⋆ = [m2
e+(pF/c)2]1/2

is the electron relativistic effective mass, andτκ the characteristic relaxation time extracted from
the variational method for the thermal conductivity calculation. Both relaxation times are related to
the corresponding Coulomb logarithms [19, 20] which, in theBorn approximation and in the limit
of high temperatures [21], can be given in terms of the staticstructure functionS(k) of the ions.
As the density increases nuclei start to melt forming complex structures, accordingly, in the same
way as in Ref. [8], we assumed that the scattering processes involve nucleon coordinates and the
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Coulomb logarithm is the one describing electron-proton scattering.

In order to estimate transport coefficients within our approach we have prepared SCC and FCC
lattices of iron isotopes with proton fractionsx=0.3 and 0.5, for mean densities in the range 0.01
fm−3 ≤ 〈ρ〉 ≤ 0.13 fm−3. As shown in the preceding section, iron lattices are stableagainst coher-
ent or incoherent perturbations whatever the symmetry of the cell is. The corresponding snapshots
of x=0.3 FCC iron supercells for different values of the averagedensity are shown in Fig. 4. The
occurrence of structures in the casex=0.5 as well as in SCC lattices is thoroughly resembling. At
the lower density (a)ρ=0.015fm−3 spheroidal nuclei are deformed along the vertical axis, at the
intermediate value (b)ρ=0.068 fm−3 nuclei form horizontal rod-like structures and at the highest
values (c) aroundρ=0.120 fm−3 slab-like structures are formed.

Figure 4: FCC iron lattices with proton fraction 0.3 for three values of the average density: a) 0.015, b)
0.068 and c) 0.120 fm−3.

The associated transport coefficients are depicted in Fig. 5. On the left panel of Fig. 5
is representedη , the shear viscosity of the iron system, for different isotopic compositions as a
function of the overall mean density. In green circles are represented the values for the composite
with proton fractionx=0.5, stars represent the results in the casex=0.3 and in red squares we have
plotted de values extracted from Ref. [8] corresponding to aproton fractionx=0.2. These last
calculations have been performed in the framework of the MD model. On the right side of Fig. 5
is plotted the thermal conductivityκ with the same conventions used on the left panel.

In the case of iron SCC lattices the results do not substantially change from those in Fig.
5. Moreover, the calculatedη andκ values are of the same order of magnitude of those of Ref.
[8]. In correspondence with MD results an increase of the shear viscosity with increasing density
is observed. As shown in Fig. 4 different pasta configurations follow with growing densities.
Nevertheless the corresponding enhancement of both transport coefficients is far from being critical
as expected [8] with the occurrence of structural transitions. Even more, the calculatedη values
are only slightly higher than those of Ref. [20] which have been extracted for lower temperatures
and in the absence of any non-spherical structures.

Both figures exhibit very high values ofη andκ compared with current values of terrestrial
fluids and with ordinary stars like the sun [23], which is not surprising since the corresponding
temperature and density conditions are clearly not in the same range. It should be worthwhile to
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Figure 5: Transport coefficients as a function of the mean density in FCC cells with proton fraction 0.3
(stars) and 0.5 (circles). The shear viscosity is in the leftpanel and the thermal conductivity in the right one.
In squares are the results of Ref. [8].

perform more refined calculations implementing non-local forces, which can substantially modify
the dynamics, aiming at considering the nucleonic contribution to transport phenomena as well.

5. Conclusions

In this work we have performed a non dissipative dynamical description of matter under sim-
ilar conditions of density and temperature as in neutron star crusts. In this approach a small initial
amount of energy is deposited either as deformation or as random shifts in nuclei positions. The
subsequent evolution, ruled by the selfconsistent mean-field, allows the system to explore a land-
scape of structures.

Different kind of lattices have been implemented in order toprepare the initial crystalline
condition. For the most unstable arrangement corresponding to simple cubic lattices, the effects of
random perturbations have been tested for two different nuclear composites. Random perturbations
destroy the initial symmetries in the case of the light oxygen system whereas iron lattices are stable
under the same conditions of density. At the considered densities, proper to the inner regions of the
crust, an initial crystal of iron isotopes would melt favoring the occurrence of slab-like structures.

Transport properties of stellar matter are important in understanding evolution and structure of
the star. Our goal was here to estimate the shear viscosity and the thermal conductivity of matter
in the conditions of the crust in order to investigate the influence of sizes and shapes of clusters
comparing with other calculations. Our conclusions reinforce those of Ref. [8] in the sense that
no significant modification of transport coefficients takes place from low densities regions, where
isolated spherical ions exist, to high densities, where non-spherical structures (pasta phases) are
formed.

With the aim of making progress in the description of neutronstar crusts several improvements
must be conferred to the model. A more sophisticated effective force must be implemented in order
to give a good description of nuclei not only at their initialstates but also during their dynamical
evolution. The force should at least be non-local, isospin-dependent and include asymmetry and
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spin-orbit terms. Another important aspect is the possibleinfluence of dissipative effects on pasta
formation and on the corresponding transport properties. It should be worthwhile to include resid-
ual interactions providing an extended TDHF-like description of the dynamics. New estimations
of transport coefficients should be useful including nucleon contribution. This work is in progress.
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