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In the study of critical phenomena of QCD, a linear sigma model (LSM) is often analyzed as
it shares many properties with QCD. Motivated by recent arguments on effective restoration of
the UA(1) symmetry around the critical temperature, the renormalization group flow of U(2)⊗
U(2) LSM with a small violation of the UA(1) symmetry is examined in the traditional epsilon

expansion in three dimensions. With a mass-dependent renormalization scheme, we investigate
the attractive basin flowing into the O(4) LSM in the parameter space and its dependence on the
size of the UA(1) breaking. Special emphasis is put on how the decoupling of the heavier degrees
of freedom occur as approaching the O(4) LSM.
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1. Introduction

One of the most important features of QCD is the chiral phase transition at a finite tempera-
ture. Thirty years ago, Pisarski and Wilczek revisited the known results of the ε expansion in a
linear sigma model and pointed out that the chiral phase transition of massless N f -flavor QCD is
first order for N f ≥ 3 and, importantly, that the effective restoration of UA(1) symmetry is directly
relevant in the determination of the nature of the chiral phase transition in two-flavor QCD [1].
UA(1) symmetry is broken by quantum anomaly at the quark-gluon (or Lagrangian) level, indepen-
dently of occurrence of spontaneous chiral symmetry breaking (SχSB). It is, then, naively expected
that the breaking effect should be taken over by dynamics at the hadron level. Indeed, a relatively
large mass difference observed between η and η ′ mesons at zero temperature provides an exper-
imental support. However, analytical and numerical studies about the UA(1) symmetry breaking
suggest that the breaking effects are extremely suppressed in physical observables around the crit-
ical temperature (Tc) for SχSB [2, 3, 4, 5]. Thus, UA(1) symmetry appears to restore, at least,
approximately around Tc.

In this study, we focus on the two-flavor QCD. In order to gain qualitative information about
the chiral transition, a linear sigma model (LSM) has been studied as it is considered to be an
effective theory describing the critical phenomena of QCD. When the effect of UA(1) breaking on
the system is sufficiently large, U(2)⊗U(2) symmetry is explicitly broken down to O(4). The
renormalization group (RG) flow of O(4) LSM is known to possess a stable infrared fixed point
(IRFP), which indicates that the chiral phase transition in two-flavor QCD is second order governed
by the critical exponents in the O(4) [or O(4)/O(3)] universality class.

On the other hand, when UA(1) symmetry is effectively restored around Tc, the transition
should be analyzed in U(2)⊗U(2) LSM, which has two independent couplings. Recently, Pelis-
setto and Vicari confirmed the existence of the IRFP in U(2)⊗U(2) LSM at the five- or six-loop
order [6], which suggests that the chiral transition is second but following the U(2)⊗U(2)/U(2)
scaling. Therefore, the size of UA(1) breaking at Tc is the key to discriminate the nature of the
transition in two-flavor QCD. We explore how the transition goes through when the UA(1) break-
ing is small but finite. Especially, with a mass dependent renormalization scheme, we see how the
decoupling of massive degrees of freedom occurs along the flow toward the infrared limit. Similar
analysis with cA = 0 is performed in Ref. [7].

2. Pisarski and Wilczek’s argument

In this section, we review the Pisarski and Wilczek’s argument about chiral phase transition[1].
We introduce an N f ×N f complex matrix field Φ as

Φ =
√

2(σ + iη)T 0 +
√

2(δi + iπi)T i =
√

2(φ0 − iχ0)T 0 +
√

2(χi + iφi)T i, (2.1)

where φa = {σ ,πi}, χa = {−η ,δi} (a = 0,1, · · · ,N f ), T 0 = 111/2, and T i is the generator of SU(N f )
group. Then, let Φ transform as

Φ → e2iθAL†ΦR (L ∈ SUL(N f ), R ∈ SUR(N f )),
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under chiral and UA(1) transformations.1 Most general renormalizable Lagrangian conserving chi-
ral and UA(1) rotations is

L0 =
1
2

tr
[
∂µΦ†∂ µΦ

]
+

1
2

m2tr
[
Φ†Φ

]
+

π2

3
g1

(
tr[Φ†Φ]

)2
+

π2

3
g2tr

[
(Φ†Φ)2] . (2.2)

Because Φ corresponds to the order parameter of chiral symmetry, nonzero vev of Φ indicates
SχSB. By assuming that this system ends up with the second order phase transition, the system
near Tc should be well described by a three dimensional field theory because of the divergent
correlation length. Then, the temperature dependent mass m(T ) vanishes at Tc. Following the
traditional ε expansion approach, the β functions are calculated. If the assumption of the second
order is right, the system will show an stable infrared fixed point (IRFP).

At the one-loop level, it turns out that for N f >
√

3 there is no IRFP in this system and all
couplings flow into the region

N f g1 +g2 = 0, g1 +g2 = 0, (2.3)

where the effective potential is not bounded below at the tree level. With this result, it is expected
that the chiral transition of N f -flavor QCD with N f = 2 is fluctuation induced first order.2

Next, the case with the UA(1) breaking is examined. More precisely, the following UA(1)
breaking terms are added to Lagrangian, eq. (2.2),

LA ≡−cA

4
(detΦ+detΦ†)

for N f = 3, and

LA ≡−cA

4
(detΦ+detΦ†)+

π2

3
xTr[ΦΦ†](detΦ+detΦ†)+

π2

3
y(detΦ+detΦ†)2 (2.4)

for N f = 2.3

Hereafter, we focus on the two-flavor QCD. Rewriting the total Lagrangian, L0 +LA, in terms
of the component fields, we obtain

L =
1
2
(∂µφa)2 +

1
2
(∂µ χa)2 +

mφ (T )2

2
φa

2 +
mχ(T )2

2
χa

2

+
π2

3
[
λ (φa

2)2 +(λ −2x)(χa
2)2 +2(λ +g2 − z)φa

2χb
2 −2g2(φaχa)2] , (2.5)

where λ = g1 + g2/2 + x + y and z = x + 2y. It is important to notice that the cA term in eq. (2.4)
makes the degeneracy between φa and χa separate off as

m2
φ = m(T )2 − cA

2
, m2

χ = m(T )2 +
cA

2
. (2.6)

1Appearance of phase θA comes from the UA(1) transformation. UV (1) symmetry is irrelevant in the following
discussion and hence is omitted.

2Pelissetto and Vicari found an IRFP after the higher orde calculations and the resummation [6].
3The term detΦdetΦ† is not independent of the other terms.

3



P
o
S
(
L
A
T
T
I
C
E
 
2
0
1
3
)
4
3
0

More about vacuum structure of Linear Sigma Mode Tomomi Sato

Naively, one expects that χ’s decouple from the system and hence Lagrangian is reduced to O(4)
LSM

L =
1
2
(∂µφa)2 +

1
2

(
m(T )2 − cA

2

)
φ 2

a +
π2

3
λ (φ 2

a )2. (2.7)

O(4) LSM is known to have a stable IRFP and hence the phase transition is expected to be second
order. Thus, in the two-flavor QCD with sufficiently large cA, the chiral phase transition is expected
to be second order in the O(4) universality class.

3. RG flow and Decoupling

We revisit the latter case in sec. 2, the case with a finite UA(1) breaking, with special emphasis
on how the effects of the massive degrees of freedom (χ’s) disappear. In this case, the critical
temperature Tc is defined so that the mass of the lightest degrees of freedom vanish as follows,

m2
φ (Tc) = m2(Tc)−

cA

2
= 0, m2

χ(Tc) = m2(Tc)+
cA

2
= cA.

Thus now χ has a finite mass. In the calculation of the β function, we simply follow the traditional
ε expansion method, where after the dimensional regularization with D = 4−ε ε is set to unity. In
order to trace the effects of the massive fields, we take a mass dependent renormalization scheme
by imposing the following renormalization conditions to four-point functions,

G4(φ1(p1),φ1(p2);φ2(p3)φ2(p4))|s=t=u=−µ2 = −i
8
3

π2λ ∏
i

i
p2

i −m2
i
, (3.1)

G4(η1(p1),η1(p2);η2(p3)η2(p4))|s=t=u=−µ2 = −i
8
3

π2(λ −2x)∏
i

i
p2

i −m2
i
, (3.2)

G4(φ1(p1),η2(p2);φ1(p3)η2(p4))|s=t=u=−µ2 = −i
4
3

π2(λ +g2 − z)∏
i

i
p2

i −m2
i
, (3.3)

G4(φ1(p1),η2(p2);φ2(p3)η1(p4))|s=t=u=−µ2 = i
4
3

π2g2 ∏
i

i
p2

i −m2
i
. (3.4)

Then, we obtain the following β functions to the one loop and the first order in ε ,

βλ ≡ µ
dλ
dµ

=− ελ +2λ 2 +
1
6

f (µ̂)(4λ 2 +6λg2 +3g2
2 −8λ z−6g2z+4z2), (3.5)

βg2 ≡ µ
dg2

dµ
=− εg2 +

1
3

λg2 +
1
3

f (µ̂)g2(λ −2x)+
1
3

h(µ̂)g2(4λ +g2 −4z), (3.6)

βx ≡ µ
dx
dµ

=− εx+4 f (µ̂)(λx− x2)

+
1
12

(1− f (µ̂))(8λ 2 −6λg2 −3g2
2 +8λ z+6g2z−4z2 −12xz), (3.7)

βz ≡ µ
dz
dµ

=− εz+
1
2
(2λ 2 −λg2 +2λ z)− 1

6
h(µ̂)(4λ 2 +3g2

2 −8λ z+4z2)

+
1
6

f (µ̂)(−2λ 2 +3λg2 +3g2
2 −2λ z−6g2z+12λx+6g2x+4z2), (3.8)
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Figure 1: RG flows starting with the initial location O corresponding to (λ (Λ), g2(Λ), x(Λ), z(Λ)) =
(0.25, 0.25, 0, 0) and with two different values of cA. ε is set to 1. The IRFP of U(2)⊗U(2) LSM without
UA(1) breakings employing a different scheme with higher order corrections is denoted by S, (λ , g2) ∼
(0.0048,0.073) as a reference [6].

where µ̂ ≡ µ/
√

cA and

f (x) = 1− 4
x
√

4+ x2
arctan

√
x2

4+ x2 , h(x) = 1− 1
x2 log[1+ x2] (3.9)

with f (0) = g(0) = 0 and limx→∞ f (x) = limx→∞ h(x) = 1.
When cA is zero, these β functions are consistent with what derived by Aoki, Fukaya and

Taniguchi [7], and the one-loop analysis does not lead to the existence of the stable IRFP. In the
following, we only consider the case with a finite cA.

Let Λ be the initial energy scale, at which the theory is defined. As the initial condition, we
take (λ (Λ), g2(Λ), x(Λ), z(Λ)) = (0.25, 0.25, 0, 0) as an example. By numerical calculations,
we obtain, at least, two types of RG flow as shown in Fig. 1. To see how the flow depends on the
size of the UA(1) breaking, two different values of cA are tested, cA/Λ2 = 1 and 0.01. On the flow
with the lager cA, cA/Λ2 = 1 (red solid curve), λ converges to ε/2, which is the IRFP of O(4)
LSM, eq. (2.7). It is interesting to note that, as approaching the O(4) fixed point, both g2 and z
diverge. These are the couplings of the φa

2χb
2 and (φaχa)2 terms, so the decoupling of χ appears

to be non-trivial. In order to see what happens, we look at the IR limit of the flow in the vicinity of
λ = ε/2. In this limit, the β functions, eqs. (3.6) and (3.8), can be approximated to be

βg2(µ → 0) ∼−5
6

εg2 +O
(

µ
√

cA

)
,

βz(µ → 0) ∼−1
2

εz− 1
4

εg2 +
ε2

4
+O

(
µ

√
cA

)
.

By solving these, we obtain the divergent behaviors,

g2(µ) ∼ g2(Λ)
(µ

Λ

)− 5
6 ε

, z(µ) ∼ g2(µ).
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Figure 2: Contribution of the g2

2 term to βλ with (a) cA/Λ2 = 1 and (b) cA/Λ2 = 0.0025.

But the contributions of these terms to βλ vanish in the IR limit as shown in Fig. 2(a) because

f (µ̂)g2
2 ∼ µ2− 5

3 ε .

Eventually, βλ reduces to the β function of the O(4) LSM,

βO(4) = −ελ +2λ 2. (3.10)

Thus, on the flow approaching the O(4) LSM, the massive fields χa indeed decouples from the
system as expected in the general argument on the decoupling [8].

The other case in Fig. 1 (blue dashed curve) describes the RG flow with the smaller cA

(cA/Λ2 = 0.0025). In this case, λ flows into the negative region and eventually diverges (within the
one-loop analysis). Furthermore, the contribution of the g2

2 term to βλ also diverges towards the IR
limit as shown in Fig. 2(b). Thus, the one-loop analysis tells that, even if µ is much smaller than
the mass of χa’s, the presence of χa fields gives significant effects to the running of the couplings.
There are two possibilities. The first one is that (after including higher order corrections) the flow
eventually goes into another stable IRFP and then the terms in the β functions stop growing. The
second is that the assumption of the second order transition is wrong.

We determine the attractive basin in the initial coupling space, with which the system flows
into O(4) LSM. The result is shown by the red region of Fig. 3. It is seen that the attractive basin
expands with cA as naively expected.

4. Summary

With the leading order calculation of the ε expansion and a mass dependent renormalization
scheme, we examined the RG flow of U(2)⊗U(2) LSM with the UA(1) breaking. It is found that
the flow depends on the size of the UA(1) breaking (or cA) and the attractive basin flowing into O(4)
LSM expands with cA as naively expected. Starting from the outside of the basin, the decoupling of
the massive fields does not occur and the transition is likely to be first order. Of course, the flow is
subject to the higher order corrections in the expansion, and such a calculation is clearly necessary.

In this analysis, we only study the flow starting from a fixed initial condition (λ (Λ), g2(Λ),
x(Λ), z(Λ)) = (0.25, 0.25, 0, 0). An extension to the case with other initial conditions is straight-
forward, and such a study is on going to see the general feature of this system.
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Figure 3: The attractive basin in two dimensional space spanned by the initial couplings, λ (Λ) and g2(Λ)
(red region) is shown, where x(Λ) = z(Λ) = 0 and ε = 1. Two different cases are plotted; (a) cA/Λ2 = 1 and
(b) cA/Λ2 = 0.0025.
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