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One-loop Feynman Diagrams and Hypergeometric functions

Within dimensional regularization [1], the algorithm faralytical evaluation of one-loop multilegs
Feynman Diagrams has been described a long time ago [2,i3¢/utes two steps: reduction of the
amplitude to a set of master-integrals [2] with followingafytical evaluation of master-integrals
via Feynman parameter representation [3]. Due to the appearof Y& terms coming from IR
and/or UV singularities, the NNLO calculation would demahd knowledge of higher terms in
the g-expansion of the one-loop Feynman Diagrams (see alsoT#p.above mentioned technol-
ogy is suitable for the evaluation of the finite part of masteéegrals [5, 6]. However, the direct
application of this technique for analytical evaluationtteé higher-order coefficients in power of
€ gives rise to complicated results [7, 8, 9] even in a simphekiatic. A perspective approach to
the construction of analytical coefficients of thexpansion of one-loop Feynman Diagrams is to
explore the hypergeometric representation [10, 11]. Basethe approach developed in [11], the
all-order e-expansion of one-loop self-energy diagrams has beenrcotedt ind = 4— 2¢. More
examples of hypergeometric representation for one-loagrdins based on the technique of [10]
are given in [13, 14]. However, still by now a systematic wagonstruct the analytical coefficients
of the g-expansion for Horn-type hypergeometric functions arotatibnal values of parameters
does not exist.

Definition of the hypergeometric function.

We remind the definition oflorn-type Hypergeometric Functions

it is a formal (Laurent) power series invariables of the following form,

. 00 I-IK_ (st . u +y
HE2)=H(76:7) = Pl ) e @
my,my,—,my=0 Ml (Zb:l VkpMp + Ok)

With Lap, Vap € Q, ¥j, 0k € C andJ = {};, 3}

The problem under consideration:

In arbitrary d-dimensional space time,= 4 — 2¢, wheree¢ is the parameter of dimension regu-
larization [1], the set of discrete parametdrs: {V;,d} of hypergeometric functiorl (¥; 3;2) is

a linear combination of rational areddependent coefficientsl = Aok + ax&, whereAgy anday
are arbitrary rational numbers. The Laurent expansion efitypergeometric function around the
integer valued = 4, is called “construction of the analytical coefficientsaséxpansion” of the
function:

H(Ao+32) =H(A02)+ 5 e'hj(2) )
=1
where symbolically,
h(2) = ZH(AZ) ©
PR als

The goal is to write theoefficient functions jhin terms of known functions, suitable for numer-
ical evaluation [15], or to describe all analytical propestofh;, treating them as a new class of
functions.

Existing algorithms:

The first systematic algorithms for the construction of leighrder coefficients of the-expansion
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of multivariable hypergeometric functions around integalues of parameters were suggested in
[16]. In Ref. [17], the special set of rational values of paeders, the so called “zero-balance case”
was analyzed. However, the partial results of [17] beyordzdiro-balance case are in contradiction
with partial results of Ref. [18].

Our method:

In a series of papers [19, 20, 21] it was shown that for the lggmmetric function of one variable,
pFp—1, the analytical coefficients of the-expansion can be constructed viaeuplicit solution of
differential equationdor coefficients functionh;(z). Using Eqg. (3) it is easy to show that the
coefficientsh;(2) satisfy the following linear system of (partial) differéaltequations (PDE):

FLaEH A7) =0 9 FLaEH A7) =0 =0
%W—z(')— jﬁ%L_—z( ) ﬂ:ﬁo_
ot 9 L
[Z P 33N =- Y >R 531 (A2) (4)
A=A, L A=Ay A=Ao

When are non-homogeneous PDE solvable in terms of multiplegtylogarithms?

We are interested in the question under which conditionguhetionsh;(z), solutions of Eq. (4),
are expressible in terms afultiple polylogarithmdg22, 23, 24, 25], ogeneralized iterated inte-
grals, defined as:

z dt (R 1, Ry) = Z dty /& dteq ‘tzﬁ

o Rq(t) o o R«(t) Jo Rea(t) Jo Ru(ty)’
whereRy(t) are some rational functionsMultiple polylogarithmscorrespond td=y(t) =t — a.
When is the system of PDE with non-zero non-homogeneouspiaeble in terms of (generalized)
multiple polylogarithms?ur algorithm includes the following steps:

G(zR¢Re-1,-++,R1) = (5)

e Factorization the differential operator(s) after-expansion are factorisable into product of
differential operators of the first order;

e Linear parametrizatiorto all orders ing;

e The non-homogeneous part belongs to the class of functithe gpecial type (see below).

Example |
Let us consider the differential equation related to theengpometric functiopF,_1 [20, 21]:

p d\K
> R(ze) <—> H(ze)=F(ze), (6)
& dz
whereR(z €) andF(z ¢) are rational functions or iterated integrals over a ratidnform:

MNj(z—aj—Bje) F(ze) = z dt Nj(t—p;—vje)

M (z—A —Bg)’ ' t—oM(t—M —Neg)’

We are looking for a solution of Eq. (6) of the following forrhi(z €) = 3§ h; (2)€l
Factorization. Factorization of differential operators afterexpansion means the following:

kiw;s) (d%)kzr;ﬂkff Ru(d+Qu(2)|

(7)

Rz ) =
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whereRy(z) andQ,(z) are some rational functions.
Linear parametrizationLet us consider as illustration the following differenteduation

[Rl(z)dgz+ Ql(z)] [Rg(z)dgz+ Qg(z)} h(z) =F(2) . (8)

Its iterated solution is:

f(z) =

'z ds [ s Q2<14)dt4} B dy [ _h Q1<‘2)dt2]
exp 0 Rl exp 0 R F(ty) . 9
Ro(ts) p Ret) p (1) 9)

In accordance with Eq. (5), this iterated integral can bdtemias multiple polylogarithm, if there
is a new variabl€ : & = W(t), converting this expression into ratio of polynomials [20]

Qi) ,_ Mi(§)  dt Ni(§) _ | Ki(¥)
[ RT*"NE " R e MiE) ~ T

whereM;, N;, K, L;j are polynomial functions. The existence of such a paramsion we called
linear parametrization

When does such parametrization exigt?answer to this question, the non-homogeneous part
of differential equation Eqg. (6) should satisfy the systeiiireear PDE with Factorization and
Linear parametrizationn each order ot:

(10)

- d
F(ze) = fi(@¢e', Ny [R(&) 5z +S(&)| fi(§)=T(&), (11)
(26) = 3 el M |ROGe +S(E)] 1O =T(©

whereR, S, T are rational functions.
Multivariable generalization
Generalization of this technique for the Horn-type hypergetric functions is straightforward:

1. Convert the system of linear PDE with polynomial coeffiteinto Pfaff form:
17}
%ij(é;z)aF(é;Z) =0= {dkaa(z) =Qf()w;(D)dz, d [k (?)] = 0} -
J,
2. Find the values of parameters when the last system ofrliREBd& can be converted into
triangular form and wheRactorizationis valid.

3. Find a linear parametrization: validity of Eq.(10) forckavariable.

Simplification of the procedure of Factorization.

To simplify the procedure oFactorization of differential operators, the following trick is very
useful. Any Horn type hypergeometric function, defined by @4, satisfies the system of linear
PDE with polynomial coefficients:

R(@)5HI29 =0, (12)
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lq 4+l . . . .
where 02 = ;ﬂl—kr andP;(2) are polynomial. Moreover, there are linear differentiaboyiors

that change the value of each paraméidry +1:

aR
RaK (‘J17 ‘Ja—la‘Ja7‘]a+la”'7‘]l’;2) = H(Jl;‘"7Ja—17~]aj317~]a+1a"'aJr;z) . (13)
In accordance with [26], the differential operators ineets the operators defined by Eqg. (13) can

be constructed. Applying direct/inverse differential mggers to the hypergeometric function the
values of parameters can be changed by an arbitrary integebers:

Qo(2H i 6;H(J;2), (14)

wherem is a set of integers an@q(Z) and Q5 are polynomials and is the holonomic rank of

system (12). More details are given in [27].

Example Il F3 hypergeometric function

In [28, 21] we applied our algorithm for the construction bét-expansion of; andF; Appell

hypergeometric functions. The results of thexpansion forF;— [28] and F3— functions [21]

around integer values of parameters are in agreement wsthitseof [29]. Let us consider the

e-expansion of the Appell hypergeometric functiBnaround rational values of parameters. The

g-expansion around this set of parameters does not follow thee algorithms described in [16, 17].
Let us consider the Appell hypergeometric functien

P1 P2 p
+a1E, —+ae, —+b £, +b £,1—= +cg;x >
F3<q g T g g T g Y

(3500), (3+20), (0] (500) iy

1-P cs) min’
< q ™t m+n

(15)

uMs

22

where{p;,rj,p,q} are integers. Applying our technology step-by-step, we fimat the system
of linear PDE for the coefficient functions is factorisabledahas a triangular form only when
pjrj = 0 for j = 1,2. After that, the original system of linear PDE with polynointaefficients is
transformed into a linear system of PDE with algebraic coigffits. To convert this system into a
class of linear PDE, the linear parametrization shouldtestisultaneously for the each element of
the singular locus of3:

XUu{l-xtu{ytu{l-ytu{xy—x-vy}, (16)

as well as for the auxiliary functiorid;, j = 1,2, 3 defined as

Hi(x) = (—1)% {(X%[;Sﬁp]q , Ha(X) = (—1)% [ﬁ} a ;
X2+ PSP 3
Xy_x_y)51+32+p] ’

Ha(ky) = (~1)% [ : 17)

wheres; = pj+rjandj = 1,2. We find that the linear parametrization exists when:
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¢ The functionsH; are constant polynomiak; = s, = p= 0. It corresponds to [16].
e One of three functionsl; are equal to 1s; = 0,5, = —p, and(1 < 2).
e Two of three functiondd; coincide:s; # 0,5, = p=0, and(1 < 2).

Unfortunately, for another physically interesting set afgmeters [14], we failed to rewrite the
iterated integral in terms of multiple polylogarithms. Fexample, fors; = s, =0 andp # 0O,
the statement about the existence of a linear parametnizéetiequivalent to the existence of three
different (rational) polynomial functions of two variakl®; (x,y), P>(X,y) andPs(x,y), such that

Pl+P)+Py=1, (18)

whereq is integer andy > 2. To our knowledge, this equation has a solution only in thes
of elliptic functions. However, the finite part of thHg-function with this set of parameters is
expressible in terms of polylogarithms [30].

As result we got, that only for the two cases:

F <I1+ % +a1€,lp+aze, I3+ big, la+ boe, Is+ % +ce;x,y> , (29)
Fs <I1+ % + a1, 2+ agg, I3+ b€, 14+ boe, I5+cs;x,y> , (20)

wherel;, p1,q are integers, the analytical coefficients of th@xpansion ofF; hypergeometric
function are explicitly expressible in terms of multiplelydogarithms [24].

Hypergeometric Functions vs. Feynman Diagram

These two building blockdractorizationandLinear parametrizationare sufficient to rewrite an
iterative solution of system of linear PDE in terms of mu&ippolylogarithms. It is a cornerstone
of all modern multiloop analytical evaluations of mastetegrals in QCD and our results are in
full agreement with available QCD calculations [31, 32,.33]

Conclusiort

The algorithm described in [19, 20, 21] has been applied éoctinstruction of the analytical co-
efficients ofe-expansion of Horn-type hypergeometric functions of twadalsles [34] as well as
Mellin-Barnes integrals [35]. In particular, we analyzéeé following linear system:

Uobr1w(Ze) = {U1912—|-P161—|-P262+P0}w(2; £),
Toegza)(z;f) = {T1612+R191—|—R262—|—R3}00(2;E), (21)

whereZ = (z1,2,) are independent variable8; = z; 0y ,]=1,2,and@,.. = & ---6,. The func-
tions Gy = {Uo, To,U1, T1} are polynomial of variableg andz:

Go= Y 023, (22)

i,]=0
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all other functionEg = {R, R; } are polynomial of variables;,z, ande:

Eo = Z VLJ';kZilZ%Ek s (23)
i,j,k=0

anda; j andy; jx are rational. The analytical structure of the coefficidlﬁié(‘z‘) defined via Laurent
expansion around = 0 of the solutionw(")(Z £) of this system have been analyzed

w(ze) = h@el. (24)
J

for the physically interesting set of parameters [14]. Imtigalar, the hypergeometric functions
considered in [16, 17] correspond to a system of linear PO \{&th polynomial coefficients and
with singularity locus

L:={z1} U{Uo} U{z} U{To} U{UoTo—U1Ts}, (25)
where
Ui(Za) = Qjitagizzt+aizn, T (Z8) = b17j21 + b27j22 + b37j2122 , (26)

i,j=1,2anday,by; € {0,£1}. See also [36, 37].

The e-expansion around rational values of parameters with obalanced rational parameter,
corresponds to a system of linear PDE with algebraic ortaligoefficients. Imposing onlfac-
torization conditions gives rise to iterative integrals with algebrainctions, that in general, are
not expressible in terms ohultiple polylogarithms Only when additionalinear parametrization
conditions are valid, we are able to rewrite the results efititegration in terms of 2-dimensional
polylogarithms [24]. The.inear parametrizatiorshould exist simultaneously for the each element
of singular locus, Eq. (25), of the differential fystem EtlL)(and for algebraic fulnctions defined as
g-roots of ratios of elements af (L;j/(1—L;))3 and/or((LiL;)/(Li+Lj—LiL;))d (see Eq. (17)).

It is in agreement with the one-variable case analysed ih [20

We got, see also [20], that even when the finite part of a hygmergetric function is expressible
in terms of multiple polylogarithms (existence of Liouialh solution of a linear system of PDE
in d = 4) it does not follow that higher order terms of theexpansion are expressible in terms of

multiple polylogarithms, too.
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