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1. Introduction

In a series of papers [1] Brodsky and de Téramond developed a semiclassical approximation to
QCD - light-front holography (LFH)-, an approach based on the correspondence of string theory in
Anti-de Sitter (AdS) space and conformal field theory (CFT) in physical space-time [2]. LFH [1] is
one of the exciting features of the AdS/CFT correspondence. The LFH approach is a covariant and
analytic model for hadron structure with confinement at large distances and conformal behavior at
short distances. It is analogous to the Schrödinger theory for atomic physics. It provides a precise
mapping of string modesΦ(z) in the AdS fifth dimensionz to the hadron light-front wave functions
(LFWF) in physical space-time in terms of the light-front impact variableξ , which measures the
separation of the quark and gluonic constituents inside a hadron. Therefore, different values of
the holographic variablez correspond to different scales at which the hadron is examined. The
mapping was obtained by matching certain matrix elements in the two approaches - string theory in
AdS and light-front theory in Minkowski space-time. Meson and baryon physics was successfully
described in the LFH approach [1]: the mass spectrum of meson and baryons (reproducing the
Regge trajectories), pion leptonic constant, electromagnetic form factors of pion and nucleons, etc.

In order to break conformal invariance and incorporate confinement inthe infrared (IR) re-
gion, two alternative AdS/QCD backgrounds have been suggested in the literature: the “hard-wall”
approach [3] based on introducing a infrared (IR) brane cutoff in thefifth dimension, and the “soft-
wall” approach [4]-[9], based on using a soft cutoff by introducing abackground dilaton field in
the AdS space or using a warp factor in the metric. Both approaches have certain advantages. One
of the problems of the “hard-wall” scenario is a linear dependence of hadron massesM ∝ L at high
values of the orbital momentumL instead of the quadratic behaviorM2 ∝ L (known as Regge tra-
jectory). In fact, the “soft-model” was initiated in order to solve the problem of the hadronic mass
spectrum. The “soft-model” has been applied to different aspects of hadron properties, including
the hadron and glueball mass spectrum, the heavy quark potential, form factors, deep inelastic scat-
tering, etc. [4]-[9]. Notice that in the LFH approach [1] both scenariosfor AdS/QCD backgrounds
(“hard-wall” and “soft-wall”) are used in order to map the string modes to theLFWF restricting to
the massless quarks and then extending to the case of massive quarks. InRefs. [6] an alternative
soft-wall holographic model has been developed, which provided an extension to hadrons with an
arbitrary number of constituents. In Ref. [7, 8] meson wave functions in case of massive quarks
have been derived using approaches developed in [1] and [6].

Notice that the LFH approach developed in Ref. [1] uses the so-called “negative” dilaton field
profile (e−φ(z) with φ(z) = −κ2z2), which was necessary to reproduce a massless pion and the
behavior of the gravitational potential. In this paper we use the soft-wall approach with a “positive”
dilaton field profileφ(z) = κ2z2, as suggested originally in Ref. [4]. In the context of the original
Soft-Wall model [4] the positive sign in the dilaton profile is important to reproduce the correct
behavior of Regge trajectories for higher spin states. In [8] we showedthat the use of the positive
dilaton in the LFH approach [1] is possible when the mass term of the AdSd+1 action is modified.

The proposed approach is applied to the study of the mass spectrum and decay properties of
light and heavy mesons. The paper is structured as follows. First, in Section2, we briefly discuss
the basic notions of the approach. In Section 3 we consider the mass spectrum and decay properties
of light and heavy mesons and summarize our results.
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2. Approach

Our starting point is the action in AdSd+1 for a spin-J field ΦJ = ΦM1···MJ(x,z) – a symmetric,
traceless tensor used in the LFH approach [1], where we perform two modifications: 1) use a pos-
itive dilaton profileφ(z) = κ2z2; 2) include a nontrivialz-dependence of the mass term coefficient
µ2

J → µ2
J (z) due to the interaction of the dilaton field with the matter field:

SΦ =
(−1)J

2

∫
ddxdz

√
ge−φ(z)

(
∂NΦJ∂ NΦJ −µ2

J (z)ΦJΦJ
)

, (2.1)

whereµ2
J (z) = µ2

J + gJφ(z) is the "dressed" mass due to the interaction of the dilaton withΦJ.
Note that a similar modification of the mass term of the string mode dual to the spinor field
describing nucleons has been done in the context of the Soft-Wall model inRef. [9]. The cou-
pling constantgJ will be fixed later, in order to get massless pion. The metric is defined as
ds2 = (R/z)2(ηµνdxµdxν − dz2) , ηµν = diag(1,−1, . . . ,−1) , whereR is the AdS radius,g =

|detgMN| = (R/z)2(d+1), andgMN is the metric tensor ofd+1 space.
Next we restrict to the axial gaugeΦz...(x,z) = 0 and consider the string modes dual to hadrons

with total angular spinJ and four–momentumP and propagating in AdS space along the Poincaré
coordinates:Φν1···νJ(x,z) = ∑

n
ϕnJ(z)

∫ ddPn
(2π)d e−iPnx εν1···νJ(Pn), whereν1 · · ·νJ are the Poincaré

indices,n is the radial quantum number andεν1···νJ(Pn) is the polarization tensor. Then doing
the substitutionϕnJ(z) = eφ(z)/2(R/z)J− d−1

2 ΦnJ(z) one can derive the Schrödinger-type equation of
motion (EOM) forΦnJ(z) with effective potentialUJ(z) = κ4z2 +(4a2

J −1)/(4z2)+2κ2(bJ −1):

[
− d2

dz2 +UJ(z)
]
ΦnJ(z) = M2

nJΦnJ(z) (2.2)

whereaJ =
√

(d−2J)2 +4(µJR)2/2 andbJ = (gJR2 +d−2J)/2.

Analytical solutions of Eq. (2.2) – eigenvalues and mass spectrum are:

ΦnJ(z) =

√
2n!

(n+aJ)!
κ1+aJ z1/2+aJ e−κ2z2/2LaJ

n (κ2z2) , M2
nJ = 4κ2

(
n+

aJ +bJ

2

)
. (2.3)

Restricting tod = 4 with (µJR)2 = L2 − (2− J)2 [1] we fix gJR2 = 4(J− 1) in order to get a
massless pion. Therefore, in the cased = 4 we getaJ = L andbJ = J and the solutions of the
Schrödinger equation read as:

ΦnJ(z) =

√
2n!

(n+L)!
κ1+L z1/2+L e−κ2z2/2LL

n(κ2z2) , M2
nJ = 4κ2

(
n+

L+J
2

)
. (2.4)

Because ofJ = L or J = L± 1 our Soft-Wall model generates linear Regge trajectories in both
quantum numbersn andJ (or L): M2

nJ ∼ n+J. Note that the string modes dual to the pseudoscalar
JPC = 0−+ and scalarJPC = 0++ mesons, and correspondingly the vectorJPC = 1−− and axial
JPC = 1++ mesons, are different from each other (mass spectrum and wave functions) via the mass
parameter of the string mode(µJR)2 depending explicitly on the orbital momentumL. Inclusion of
chiral symmetry breaking effects in the AdS action and their impact on the hadron properties will
be analyzed in the future.
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The string modeΦnJ(z) can be directly mapped to the LFWF due to correspondence of AdS
and light-front amplitudes. In particular, the holographic coordinatez is matched to the impact
variableζ in the LF formalismz→ ζ , ζ 2 = b2

⊥x(1− x) , whereb⊥ is the impact separation and
Fourier conjugate to the transverse momentumk⊥. In the case of two massless partonsq1 andq̄2

we obtain a relation between the AdS modes and meson LFWFψ̃q1q̄2(x,ζ ) [7] given by

|ψ̃q1q̄2(x,ζ )|2 = Pq1q̄2 x(1−x) f 2(x)
|ΦnJ(ζ )|2

2πζ
, (2.5)

wherePq1q̄2 is the the probability of finding the valence Fock state|q1q̄2〉 in the mesonM. In the
following we restrict to the case ofPq1q̄2 = 1 and only for the pion we considerPq1q̄2 < 1 (see
discussion in Ref. [7]). Heref (x) is the longitudinal mode which is normalized as

∫ 1
0 dx f2(x) = 1,

where we have chosenf (x) = 1. Then the expressions for the meson LFWFs read:

ψ̃q1q̄2(x,b⊥) =

√
2n!

(n+L)!
κ1+L

√
π

|b⊥|L [x(1−x)]
1+L

2 e−
1
2κ2x(1−x)b2

⊥ LL
n(κ2b2

⊥x(1−x)) . (2.6)

The meson LFWF (2.6) does not consider massive quarks. Inclusion ofquark masses have been
considered by us previously in [7, 8]. In particular, the meson LFWFs withmassive quarks can be
written down in the form of a product of transverseΦ(ζ ), longitudinal f (x,m1,m2) and angular
eimφ modes [1]:

ψ̃q1q̄2(x,ζ ,m1,m2) =
ΦnJ(ζ )√

2πζ
f (x,m1,m2)eimφ

√
x(1−x) , (2.7)

wherem is the magnetic quantum number. For the longitudinal mode we will use the functional
form

f (x,m1,m2) ≡ N f(x) exp

(
−m2

1/x+m2
2/(1−x)

2λ 2
12

)
, (2.8)

containing quark masses and an additional scale parameterλ12, whereN is the normalization con-
stant. Note, that the parametersκ andλ12 have different scaling. Later, in the analysis of the mass
spectrum and decay constants of heavy–light meson, we will show that thedilaton parameterκ
should scale asO(1) in the 1/mQ expansion, wheremQ is the heavy quark mass, while the param-
eterλ12 should scale asO(m1/2

Q ) andO(mQ) in case of heavy-light mesons and heavy quarkonia,
respectively. The meson mass spectrum in the case of massive quarks is given by [1]:

M2
nJ =

∞∫

0

dζ ΦnJ(ζ )

(
− d2

dζ 2 −
1−4L2

4ζ 2 +κ4ζ 2 +2κ2(J−1)

)
ΦnJ(ζ )

+

1∫

0

dx

(
m2

1

x
+

m2
2

1−x

)
f 2(x,m1,m2) . (2.9)

It means that for massive quarks the hadron masses are shifted due to thelast term in the r.h.s. of
Eq. (2.9). One should stress that the potential in Eqs. (2.9) is not complete.It includes confinement
forces, but does not include in its full context effects of chiral symmetrybreaking, which are
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important for consistency with the infrared structure of QCD (see e.g. the discussion in Refs. [4,
5]). Moreover, it does not contain the one-gluon exchange term, whichis sufficient for bottomia
hadrons [10], and also hyperfine splitting terms. The master formula for meson masses including
confinement, color Coulomb and hyperfine splitting effects reads [8]:

M2
nJ = 4κ2

(
n+

L+J
2

)
+

1∫

0

dx

(
m2

1

x
+

m2
2

1−x

)
f 2(x,m1,m2)−

64α2
s m1m2

9(n+L+1)2 +
32παs

9
βSv
µ12

,(2.10)

whereβS is the spin projection factor, which is−3 for and 1 forS= 0 andS= 1 mesons, respec-
tively; v is a free parameterv softening the originalδ -functional form of the hyperfine-splitting
potential;αs is the QCD coupling andµ12 = 2m1m2/(m1 +m2).

3. Properties of light and heavy mesons

In the numerical analysis we restrict ourselves to the isospin limitmu = md = m. We fix
our free parameters (constituent quark masses,κ, λ12, αs andv) from the description of the mass
spectrum and decay constants of light and heavy mesons. Note that we use a unified value of the
dilaton parameterκ for all meson states, as dictated by the AdS action.

The parameters are given in the follwoing. For the constituent quark masses we have:

m= 420 MeV, ms = 570 MeV, mc = 1.6 GeV, mb = 4.8 GeV. (3.1)

The unified value of the dilaton parameter for all mesons is fixed asκ = 550 MeV. The hyperfine-
splitting parameter is fixed asv= 10−4 GeV3. The strong couplingαs≡ αs(µ2

12) depends on quark
flavor and is calculated consistently using the parametrization ofαs with “freezing” [11]:

αs(µ2) =
12π/(33−2Nf )

ln((µ2 +M2
B)/Λ2)

(3.2)

whereNf is the number of flavors,Λ = 420 MeV is the QCD scale parameter,MB = 854 MeV is
the background mass [8]. The dimensional parameters in the longitudinal wave functions are fitted
as:

λqq = 0.63 GeV, λus = 1.2 GeV, λss= 1.68 GeV, λqc = 2.5 GeV, λsc = 3.0 GeV,

λqb = 3.89 GeV, λsb = 4.18 GeV, λcc = 4.04 GeV, λcb = 4.82 GeV, λbb = 6.77 GeV. (3.3)

For the probabilities of the ground state pion and kaon we use the following values:Pπ = 0.6 and
PK = 0.8, while for other mesons the probabilities are supposed to be equal to 1. The predictions
of our approach for the light meson spectrum according to then2S+1LJ classification are given in
Table 1. For scalar mesonsf0 we present results for two limiting cases: for a nonstrange flavor
contentf0[n̄n] = (ūu+ d̄d)/

√
2 and for a strange onef0[s̄s] = s̄s.

One should stress that this approach correctly reproduces the mass spectrum of heavy-light
mesons in the heavy quark limit when the heavy quark mass goes to infinitymQ → ∞ [12]

MqQ = mQ + Λ̄+O(1/mQ) , (3.4)

5



P
o
S
(
L
C
2
0
1
0
)
0
3
0

Light and heavy mesons in a soft-wall holographic model Valery E. Lyubovitskij

Table 1: Masses of light mesons

Meson n L S Mass [MeV]

π 0 0,1,2,3 0 140 1355 1777 2099

π 0,1,2,3 0 0 1355 1777 2099

K 0 0,1,2,3 0 495 1505 1901 2207

η 0,1,2,3 0 0 544 1552 1946 2248

f0[n̄n] 0,1,2,3 1 1 1114 1600 1952 2244

f0[s̄s] 0,1,2,3 1 1 1304 1762 2093 2372

a0(980) 0,1,2,3 1 1 1114 1600 1952 2372

ρ(770) 0,1,2,3 0 1 804 1565 1942 2240

ρ(770) 0 0,1,2,3 1 804 1565 1942 2240

ω(782) 0,1,2,3 0 1 804 1565 1942 2240

ω(782) 0 0,1,2,3 1 804 1565 1942 2240

φ(1020) 0,1,2,3 0 1 1019 1818 2170 2447

a1(1260) 0,1,2,3 1 1 1358 1779 2101 2375

Table 2: Masses of heavy–light mesons

Meson JP n L S Mass [MeV]

D(1870) 0− 0 0,1,2,3 0 1857 2435 2696 2905

D∗(2010) 1− 0 0,1,2,3 1 2015 2547 2797 3000

Ds(1969) 0− 0 0,1,2,3 0 1963 2621 2883 3085

D∗
s(2107) 1− 0 0,1,2,3 1 2113 2725 2977 3173

B(5279) 0− 0 0,1,2,3 0 5279 5791 5964 6089

B∗(5325) 1− 0 0,1,2,3 1 5336 5843 6015 6139

Bs(5366) 0− 0 0,1,2,3 0 5360 5941 6124 6250

B∗
s(5413) 1− 0 0,1,2,3 1 5416 5992 6173 6298

Table 3: Masses of heavy quarkoniacc̄, bb̄ andcb̄

Meson JP n L S Mass [MeV]

ηc(2980) 0− 0,1,2,3 0 0 2997 3717 3962 4141

ψ(3097)) 1− 0,1,2,3 0 1 3097 3798 4038 4213

χc0(3415) 0+ 0,1,2,3 1 1 3635 3885 4067 4226

χc1(3510) 1+ 0,1,2,3 1 1 3718 3963 4141 4297

χc2(3555) 2+ 0,1,2,3 1 1 3798 4038 4213 4367

ηb(9390) 0− 0,1,2,3 0 0 9428 10190 10372 10473

ϒ(9460) 1− 0,1,2,3 0 1 9460 10219 10401 10502

χb0(9860) 0+ 0,1,2,3 1 1 10160 10343 10444 10521

χb1(9893) 1+ 0,1,2,3 1 1 10190 10372 10473 10550

χb2(9912) 2+ 0,1,2,3 1 1 10219 10401 10502 10579

Bc(6276) 0− 0,1,2,3 0 0 6276 6911 7092 7209
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Table 4: Decay constantsfP in MeV of pseudoscalar mesons

Meson Data [13] Our

π− 130.4±0.03±0.2 131

K− 156.1±0.2±0.8 155

D+ 206.7±8.9 167

D+
s 257.5±6.1 170

B− 193±11 139

B0
s 253±8±7 144

Bc 489±5±3 [14] 159

Table 5: Decay constantsfV in MeV of vector mesons

Meson Data [13] Our Meson Data [13] Our

ρ+ 210.5±0.6 170 ρ0 154.7± 0.7 120

D∗ 245±20+3
−2 [15] 167 ω 45.8± 0.8 40

D∗
s 272±16+3

−20 [16] 170 φ 76± 1.2 58

B∗ 196±24+39
−2 [15] 139 J/ψ 277.6± 4 116

B∗
s 229±20+41

−16 [15] 144 ϒ(1s) 238.5± 5.5 56

where the scale parameterΛ̄ is of orderO(1), and the mass splitting of vector and pseudoscalar
states∆MqQ = MV

qQ−MP
qQ, which is of order 1/mQ:

∆MqQ =
2

MV
qQ+MP

qQ

(
κ2 +

64παs

9
βSv
mq

)
∼ 1

mQ
. (3.5)

where parametersκ and λqQ scale asκ ∼ O(1) and λqQ ∼ O(m1/2
Q ). Note that this scaling is

also consistent with the scaling of the leptonic decay constants of heavy-light mesonsfP ∼ fV ∼
1/
√

mQ. We also correctly reproduce the expansion of the heavy quarkonia mass in the heavy
quark limit: MQ1Q̄2

= mQ1 +mQ2 +E +O(1/mQ1,2) , whereE is binding energy.
We present results for mass spectrum and decay constants of light and heavy mesons in Ta-

bles 1-5. Note that with the universal value of the dilaton scale parameterκ = 550 MeV, we can
well reproduce data for the coupling constants of light mesons. For heavy–light mesons we need a
bit larger value of the parameterκ, because the leptonic decay constants are proportional toκ. For
the description of leptonic decay constants of heavy quarkonia we need an even larger value ofκ.
In particular, it should be roughly 2, 3 and 4 times larger forcc̄, cb̄ andbb̄ states, respectively, than
the unified value 550 MeV.

In conclusion, we present a detailed analysis of the mass spectrum and decay properties of
light, heavy–light mesons and heavy quarkonia in an holographic soft-wall model using conven-
tional sign of the dilaton profileφ(z) = κ2z2. In our calculations we consider one-gluon exchange
and hyperfine splitting corrections phenomenologically by modifying the potential. We showed
that obtained results for heavy–light mesons are consistent with constraints imposed by HQET.
In future work we plan to improve the description of the meson data and extendour formalism
to baryons.
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