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Polyakov action is one of the most widely studied topics in string theories [1] - [16]. Re-
cently, we have studied this action for the D1 brane in the conformal gauge (CG), using the instant-
form (IF) of dynamics (on the hyperplanes defined by the world-sheet (WS) timeσ0 = τ = con-
stant) [17] - [21] and the light-front (LF) dynamics (on the hyperplanes of the LF defined by the
light-cone (LC) WS timeσ+ = (τ + σ) = constant)[17] - [29]. The LF theory is seen to be a
constrained system in the sense of Dirac, which is in contrast to the corresponding IF theory,
where the theory remains unconstrained in the sense of Dirac. The LF theory is seen to possess
a set of twenty six second-class constraints. Further, the conformally gauge-fixed PolyakovD1
brane action (CGFPD1BA) describing a gauge-noninvariant (GNI) theory (being a gauge-fixed
theory) is seen to describe a gauge-invariant (GI) theory inthe presence of an antisymmetric NSNS
2−form gauge fieldBαβ (τ ,σ). Recently we have shown that this NSNS 2−form gauge field be-
haves like a Wess-Zumino (WZ) field and the term involving this field behaves like a WZ term
for the CGFPD1BA[9] - [16]. We have also studied [9, 10] the Hamiltonian and path integral
formulations[9] -[14] of the CGFPD1BA with and without a scalar dilaton field in the IF as well as
in the LF dynamics. In both the above cases the theory is seen (as expected) to be gauge- nonin-
variant (GNI)[9] - [21], possessing a set of second-class constraints in each case [9] - [21], owing
to the conformal gauge-fixing [1] -[14] of the theory. The CGFPD1BA being GNI does not respect
the usual (string) gauge symmetries defined by the WS reparametrization invariance (WSRI) and
the Weyl invariance (WI). However, in the presence of a constant 2-form gauge fieldBαβ it is seen
to describe a gauge-invariant (GI) theory respecting the usual (string) gauge symmetries defined by
the WSRI and the WI. The IF and LF Hamiltonian and path integral formulations of this theory in
the presence of the constant 2-form gauge fieldBαβ have been studied by us in Refs. [9] - [13].
In the present work, we consider the question of the string gauge symmetries associated with the
Polyakov D1 brane action in the presence of some other background fields such as theU(1) gauge
field Aµ(τ ,σ) and the constant scalar axion fieldC(τ ,σ).

The PolyakovD1 brane action in a d-dimensional curved backgroundhαβ is defined by [1] -
[13]:

S̃ =
∫

L̃ d2σ (1a)

L̃ =

[

−
T
2

√
−hhαβ Gαβ

]

(1b)

h = det(hαβ ) (1c)

Gαβ = ∂αX µ∂β Xνηµν (1d)

ηµν = diag(−1,+1, ...,+1) (1e)

µ ,ν = 0,1, ....,(d −1); α ,β = 0,1 (1f)

Hereσ α ≡ (τ ,σ) are the two parameters describing the worldsheet (WS). The overdots and primes
denote the derivatives with respect toτ andσ . T is the string tension.Gαβ is the induced metric
on the WS andX µ(τ ,σ) are the maps of the WS into thed-dimensional Minkowski space and
describe the strings evolution in space-time [1] - [10].hαβ are the auxiliary fields (which turn out
to be proportional to the metric tensorηαβ of the two-dimensional surface swept out by the string).
One can think of̃S as the action describingd massless scalar fieldsX µ in two dimensions moving
on a curved backgroundhαβ . Also because the metric componentshαβ are varied in Eq. (1), the
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2-dimensional gravitational fieldhαβ is treated not as a given background field, but rather as an
adjustable quantity coupled to the scalar fields [9, 10]. TheactionS̃ has the well-known three local
gauge symmetries given by the 2-dimensional WSRI and WI[1] -[13] as follows:

X µ −→ X̃ µ = [X µ + δX µ ] (2a)

δX µ = [ζ α (∂αX µ)] (2b)

hαβ −→ h̃αβ = [hαβ + δhαβ ] (2c)

δhαβ =
[

ζ γ ∂γhαβ −∂γζ α hγβ −∂γζ β hαγ
]

(2d)

hαβ −→ [Ω]hαβ (2e)

Where the WSRI is defined for the two parametersζ α ≡ ζ α(τ ,σ); and the WI and is specified by
a functionΩ ≡ Ω(τ ,σ) [1] - [14]. In the following we, however, work in the so-called orthonormal
gauge where one setsΩ = 1 [1] - [14]. Also for the CGFPD1BA one makes use of the fact that
the 2-dimensional metrichαβ is also specified by three independent functions as it is a symmetric
2×2 metric. one can therefore use these gauge symmetries of thetheory to choosehαβ to be of a
particular form [1] - [14]:

hαβ := ηαβ ; hαβ := ηαβ (3)

For the IF dynamics we take [1, 2]:

hαβ = ηαβ =

(

−1 0
0 +1

)

(4a)

hαβ = ηαβ =

(

−1 0
0 +1

)

(4b)

with √
−h =

√

−det(hαβ ) = +1 (5)

In LF formulation we use the Light-Cone (LC) variables defined by [1, 2, 3, 7]:

σ± := (τ ±σ) and X± := (X0±X1)/
√

2 (6)

In this case we take

hαβ := ηαβ =

(

0 −1/2
−1/2 0

)

(7a)

hαβ := ηαβ =

(

0 −2
−2 0

)

(7b)

with √
−h =

√

−det(hαβ) = +1/2 (8)
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Now the actionS̃ in the CG (in the IF and LF) finally reads [1, 2, 3, 7]:

SN =
∫

L
Nd2σ (9a)

L
N = [(−T/2)][∂ β X µ∂β Xµ ] (9b)

β = 0,1 and µ = 0,1, i ; i = 2,3, ...,25 (IF) (9c)

β = +,− and µ = +,−, i ; i = 2,3, ...,25 (LC/FF) (9d)

The action SN is the CGFPD1BA. This action is seen to lack the local gauge symmetries. This is
in contrast to the fact that the original actionS̃ had the local gauge symmetries and was therefore
GI. The theory defined by the actionSN , on the other hand describe GNI. This is not surprising at
all because the theory defined bySN is after all (conformally) gauge-fixed theory and consequently
not expected to be GI anyway. In fact, the IF theory defined bySN is seen to be unconstrained [9] -
[21] whereas the LF theory is seen to possess a setof 26 second-class constraints [9] - [14]. In both
the cases it does not respect the usual local string gauge symmetries defined by WSRI and WI.

We now consider this CGFPD1BA in the presence of a constant background antisymmetric
2-form gauge fieldBαβ studied earlier by Schmidhuber, de Alwis and Sato, Tseytlinand Abou
Zeid and Hull and others defined by [1] -[10]:

SI =

∫

L
I d2σ (10a)

L
I = [L C +L

B] (10b)

L
C = [λL

N ] =

[

−
T
2

]

[λ∂ β X µ∂β Xµ ] (10c)

L
B =

[

−
T
2

]

[Λεαβ Bαβ ] (10d)

λ =
√

(1+ Λ2); Λ = constant (10e)

εαβ =

(

0 1
−1 0

)

(10f)

Bαβ := ∂α X µ∂β XνBµν (10g)

Bαβ =

(

0 B
−B 0

)

(10h)

B = B01 = −B10 (IF) (10i)

B = B+− = −B−+ (LC/FF) (10j)

α ,β = 0,1 and µ = 0,1, i; i = 2,3, ....,25 (IF) (10k)

α ,β = +,− and µ = +,−, i; i = 2,3, ....,25 (LC/FF) (10l)

In IF, the above action is seen to possess only one first-classconstraint and to possess three local
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gauge symmetries given by the two-dimensional WSRI and the WI:

X µ −→ X̃ µ = [X µ + δX µ ] (11a)

δX µ = [ζ α(∂αX µ)] (11b)

hαβ −→ h̃αβ = [hαβ + δhαβ ] (11c)

δhαβ =
[

ζ γ ∂γhαβ −∂γζ α hγβ −∂γζ β hαγ
]

(11d)

Bαβ −→
∼
Bαβ = [Bαβ + δBαβ ] (11e)

δBαβ = [ζ α ∂αBαβ ] (11f)

hαβ −→ [Ω]hαβ (11g)

It is important to recollect here that the 2-form gauge fieldBαβ is a scalar field in the target-space
whereas it is a constant anti-symmetric tensor field in the world-sheet space. The Hamiltonian and
path integral formulations of this theory under the gaugeB ≈ 0 have been studied by us in Ref. [9].

We now consider the string gauge symmetries of the gauge-fixed Polyakov D1 brane action
describing a gauge-noninvariant theory in the presence of aU(1) gauge fieldAα(≡ Aα(τ ,σ)) and
a constant scalar axion fieldC(≡C(τ ,σ)) and show that the gauge-fixed Polyakov D1 brane action
describing a gauge-noninvariant theory (being a gauge-fixed theory) is seen to describe a GI theory
when considered in the presence of above background fields. We also show that theU(1) gauge
field Aα(τ ,σ) and the constant scalar axion fieldC(τ ,σ) are both seen to behave like the Wess-
Zumino (WZ) fields and the term involving these fields is seen to behave like a WZ term for the
CGFPD1BA in the presence of an axion field and anU(1) gauge field. Here the fieldAα is a scalar
field in the target space and a vector field in the WS space and the axion fieldC is a constant scalar
field in both the target space as well as in the WS space. We find that the resulting theory obtained
in the above manner describes a GI system respecting the usual string gauge symmetries defined by
the WSRI and the WI. It is seen that the axion fieldC and theU(1) gauge fieldAα , in the resulting
theory behave like the WZ fields and the term involving these fields behaves like a WZ term for the
CGFPD1BA. The situation in the present case is seen to be exactly analogous to a theory where
one considers the CGFPD1BA in the presence of a 2-form gauge fieldBαB as studied by us in Refs.
[9] - [13], where the fieldBαβ behaves like a WZ field and the term involving this field behaves
like a WZ term for the CGFPD1BA [11, 12, 13]. The CGFPD1BA in the presence of a constant
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background scalar axion fieldC and anU(1) gauge fieldAα is defined by [1] - [14]:

SI =
∫

L
I d2σ ; L

I = [L C +L
A] (12a)

L
C = [λL

N ] =

[

−
T
2

]

[λ∂ β X µ∂β Xµ ] (12b)

L
A =

[

−
T
2

]

[−ΛCεαβ Fαβ ] (12c)

λ =
√

(1+ Λ2); Λ = constant; εαβ =

(

0 1
−1 0

)

(12d)

Fαβ = (∂α Aβ −∂β Aα) ; f = F01 = −F01(IF); f = F+− = −F−+(FF) (12e)

α ,β = 0,1 and µ = 0,1, i; i = 2,3, ....,25 (IF) (12f)

α ,β = +,− and µ = +,−, i; i = 2,3, ....,25 (LC/FF) (12g)

Now the matrix of the Poisson brackets of the constraintsΨi is seen to be singular implying that the
constraintsΨi form a setof first-class constraints and that the theory described byS1 is a GI theory
[9]-[21]. It is indeed seen to posses three local gauge symmetries given by the two dimensional
WSRI and the WI defined by [1]-[14]:

X µ −→ X̃ µ = [X µ + δX µ ] (13a)

δX µ = [ζ α (∂αX µ)] (13b)

hαβ −→ h̃αβ = [hαβ + δhαβ ] (13c)

δhαβ =
[

ζ γ ∂γhαβ −∂γζ α hγβ −∂γζ β hαγ
]

(13d)

Aβ −→ Ãβ = [Aβ + δAβ ] (13e)

δAβ = [ζ α ∂αAβ ] (13f)

C −→ C̃α = [C + δC] (13g)

δC = [ζ α ∂αC] (13h)

hαβ −→ [Ωhαβ ] (13i)

The above theory is thus seen to be GI possessing the three local gauge symmetries defined by the
two-dimensional WSRI and the WI in both the IF and LF dynamics.

In conclusion, the Polyakov D1 brane action in a d-dimensional curved backgroundhαβ de-
fined by S̃ is GI and it possesses the well-known three local string gauge symmetries. However,
under conformal gauge-fixing, the CGFPD1BA is no longer GI asexpected and it also does not
possess the local string gauge symmetries being a gauge-fixed theory. However, this GNI theory
when considered in the presence of a constant background scalar axiom fieldC and anU(1) gauge
field Aα it is seen to become a GI theory possessing the three local string gauge symmetries. The
scalar axion fieldC and theU(1) gauge fieldAα are seen to behave like the WZ fields and the term
involving these fields is seen to behave like a WZ term for the CGFPD1BA, which in the absence
of this term is seen to posses a setof second-class constraints and consequently describes a GNI
theory which does not respect the local string gauge symmetries. The situation in the present case
is analogous to a theory where one considers the CGFPD1BA in the presence of a constant 2-form

6



P
o
S
(
L
C
2
0
1
0
)
0
0
6

String Gauge Symmetries in the Light-Front Polyakov D1 Brane Action D. S. Kulshreshtha

gauge fieldBαβ which behaves like a WZ field and the term involving this field behaves like a WZ
term for the CGFPD1BA [11, 12, 13].

I express my very sincere thanks to Professor Vicente Vento and Professor Joannis Papavassil-
iou and all other Organizers of the Workshop for providing a very stimulating environment during
the Workshop.
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