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1.Introduction

In this paper we describe an interesting generalization of General Relativity, suggested by
C. Moller [1]. Save this little introduction and brief review Moller gravity, we are going to talk
about exact solutions, which can be obtained in this theory. Namely, Schwarzschild solution and
self-consistent solutions for Kaluza-Klein theories with spontaneous compactification.

We are trying to find self-consistent solutions of kind M;*S". Where M, is 4-dimensional
Minkovsky space and S" is n-dimensional sphere. Such solutions are useful to obtain after
dimensional reduction effective 4-dimentional theories with CP-violation, which might be very
interesting in particle and high energy physics[2,3]. But unfortunately, such solutions aren’t
known to be in General Relativity (except the case n=1), so that we must consider other
theories.

The next motivation is an attempt to explain modern astrophysics data (such as rotation
curves of stars in spiral galaxies) by means of gravity modification on large scales, without
involving “Dark Matter” concept [4]. Very roughly speaking, the effects, which we might
explain with dark matter, are strongly pronounced for spiral galaxies, and, quite the contrary,
faintly pronounced for elliptical and dwarf spherical galaxies [5]. If so, we must find theory, in
which Kerr-Solution, is vastly modified in comparison with Kerr-Solution in General Relativity.
And, on the contrary, Schwarzschild solution, which described dwarf spherical galaxies, need
only slight modification, or even doesn’t need ones. Vielbein gravity is good for this purpose,
because it has this kind of solutions.

And last, but not least: we are looking for a theory with faintly Lorentz symmetry
violation. In Moller gravity theory, we have more restriction on frame vectors, then in General
Relativity, because of additional asymmetric part of motion equations. Thus we have a hope to
reveal Lorentz symmetry violation in some cases, when frame vectors give us a preferential
direction in space-time because of this restriction. In other words, we can obtain faintly Lorentz
symmetry violation; because of the action of the theory is not invariant with regard to rotations
of frame vectors in some cases. But in this paper we are not going to discuss this case.

2.Vielbein (Médller) gravity theory

It was C. Mdller, who first offered this theory in 1978 [1]. Mdller gravity theory is a
metric theory, in which metric tensor

9, = ZS(aa)g(a)p g(a), =9g(a),9(a),, 8(ap)=diag{-1111}] (2.1)
is constructed from orthonormal tetrad (vielbein):
(), 9(B)" =8(ap) (2.2)

Here indexes in brackets are frame (vielbein) indexes, which are altered from 1 to 4, and
summation is considered over repeated indexes. Stress tensor (denoted as f(a), ) for this

vector fields is, as usual:
f(a),, =0,,9(a),, (2.3)

Where antisymmetrization over indexes in square brackets is considered. Coordinate indexes
can be turned into vielbein indexes as it present below:
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Cu(@)g(a), =C,; (2.4)

We can obtain Riche tensor from stress tensor:

R(op) = %a(a) f (uuip) +%8(B) f (uptcr) + %a(u) f (Boups)
+%6(u)f(aﬁu)—% f (aBu)f(vvu)—% f (Bap) f (vvp) + (2.5)

—% f (uva) f (visp) —% f (uva) f (uvp) +% f (apv) f (Buv)

Where d(a) = g(a)"0, (2.6)

By means of convolution we can produce from stress tensor 3 different scalars:

L="f,, 9 =1, P =12 £ 2.7)

Then, in the general case, the simplest quadratic in partial derivative action is:

S = [ (ko +kyly + kL, +ks Ly )ygdx (2.8)
X

Where k,, k;, k,, k; are arbitrary dimensional constants.
Using (2.5) we can obtain more usual expression for Einstein-Maéller action (accurate within full
divergence ):
S = [ (ko +ksR+KL, + KL, )\gdx
x (2.9)

We can not write for action terms of kind third and fourth, if we use metric tensor itself without
fielbeine formalism. Thus we have generalization of any metric gravity.
As we can see, Moller gravity theory coincides with General Relativity, if k/, k, is equal to 0.

Denote action variation over g(u), as X(u)* s—i, (2.11)
Jg 89(w),
. . i . . « 1 8S
we can write symmetric and asymmetric part of motion equations X (u) ET 590 =
g oglH),
separately. Symmetric part:
o o 1 o ! ! o ’ ’ A (0%
X (@F) =—4k3(R P -39 B(R+A)j+ 2(2k; +k; )V £ P — (2K — k) Ul f Pt 1)

2k + kg ) FRYER ok Fe, PR 2P (kG FRA L kG TR E ) =0

Asymmetric part:
x [oB] 2(2k1' _ ké)vu f [aBln _4kévM f hap —(2k1' —3ké) fuvlof B]W =0 (2.12)

if k/, k,is equal to 0, asymmetric part vanish, and symmetric part gives us General Relativity.

As we can see in Moller gravity theory, we have more restriction on frame vectors, then in
General Relativity, because of additional asymmetric part of motion equations.

3.Schwarzschild solution in Mdller gravity

In this paragraph small latin letters are altered from 1 to 3. Let us write well-known
Schwarzschild metric in the following way:
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ds? = —e2/(t? 4 g2(") {dr2 +1?(dg? +sin? (pdxz)} (3.1)
Ansatz for metric tensor:

—e% 0
9ap =( 0 ezagpq] (3.2)
Ansatz for the vielbein:
9(0),=¢" g(a),=¢e"g(a), 9(0), =0 g(a), =0 (3.3)

g(0)°=e” g(a)'=e"g(a)’
Where g(a)? is orthonormal set for 3-dimensional flat space.

cos @ —sin@cosy, —singsiny
g@),=|-rsine g(2), =| —rcosecosy, g(3), =| —rcososiny
0 rsinesiny —rsinecosy (3.4)
After some boring permutations we can obtain 3 equations for two parameters:
A
200, +0’ +4ra, =Eez°‘ + K(ZOL’Zr -2y, 7207, _4r_1Y,r) (3.5)
2 -1 -1 A 200 2 2 -1
L +2r-a, +2y o, +2ry, :Ee —1<(20c1r +y, +4r oc'r) (3.6)
-1 -1 2 1 20 2 -1
o +ro +ry +y +v, = Ee A+ K(—ZOL’” +y, 20y, =2r (x’r) (3.7)

2k, + Kk,

Where x = (3.8)

3
If so, whether system is overdetermined, or these equations are not independent. It can be
shown, that system has solutions only if k =0. But if so, we have the same system as in General
Relativity! In other words, Mdller theory has the same Schwarzschild solution, as it appears in
General Relativity. Peculiar moment is that, then this solution appears not only in case, when
the constants of the theory are small, as was shown by Maller [1], but in case of arbitrary

constants too, when the relation 2k/ +k, =0 is valid. If this relation is broken, there is no

spherical symmetric Schwarzschild-like solutions in Mdller gravity theory.

4.Self-consistent solution of kind M,*S® with spontaneous compactification

In this paragraph large latin letters are altered from 0 to 7, except 4, small latin
letters are altered from O to 3 and small greece letters are altered from 5to 7. As it
mentioned above, manifold is M,*S®. Ansatz for the vielbein is shown below:

g(o), (x*) =h(a), (x*) depends only from 4-dimentional coordinates (4.1)
g(a), =0 4.2)
9(a), =0 4.3)
9(a), (x"=rg(a- 4), (x') depends only from additional coordinates (4.4)
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Where h(a), isa vielbein on Minkovsky space M, and g(n), is a vielbein on 3-dimensional

sphere S°. Then there are two nontrivial motion equations:

RIN](oB) —%(R[h] 467 = A)5(ap) = %Y[h](a[}) @7)
2r23(pq) —%(R[h] +6r — A)3(pa) = 4xr*5(pa) - 6t—5r-26(pq) (4.6)
Where Y% = X“P 4 4k, (R"ﬁ —%g“ﬁ (R+ A)J (4.8)

For Minkovsky space R[h](c.p) =0, so that we have from (4.6)-(4.7) conditions for constants
k;, k;and compactification radius r

, 1 , 1 L 1
k2 =—§k3 kl =—€k3 r 2 ZEA (49)
If constants are like (4.9), we have for metric tensor a searching solution of kind M,*S®.
That is to say, with such constants, 4-dimantional dynamics allows solutions like plane

Minkovsky space, and the other dimensions are compactified into 3-dimensional sphere.

5.Conclusions

In vielbane gravity Schwarzschild solution appears not only in case, when additional
constants of the Einstein-Mdoller action are small, as was shown by Moéller [1], but in case of
arbitrary constants too, when some relations for these constants are valid. . If this relations are
broken, there is no spherical symmetric Schwarzschild-like solutions in Méller gravity theory.

4-dimantional dynamics allows solutions like plane Minkovsky space with a large spectre
of theory parameters, when additional dimensions are spontaneously compactifed in to 3-
dimentional sphere.

The action of the theory is not invariant with regard to rotations of frame vectors. It can
result in the theory with Lorentz symmetry violation, when some relations for these constants
are valid, but in this paper we are not describe such cases.
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