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We give a definition of gauge-invariant magnetic monopoles in Yang-Mills theory without using
the Abelian projection due to 't Hooft. They automatically appear from the Wilson loop operator.
This is shown by rewriting the Wilson loop operator using a non-Abelian Stokes theorem. The
magnetic monopole defined in this way is a topological object of co-dimension 3, i.e., a loop in
four-dimensions. We show that such magnetic loops indeed exist in four-dimensional Yang-Mills
theory. In fact, we give an analytical solution representing circular magnetic monopole loops
joining a pair of merons in the four-dimensional Euclidean SU(2) Yang-Mills theory. This is
achieved by solving the differential equation for the adjoint color (magnetic monopole) field in
the two—meron background field within the recently developed reformulation of the Yang-Mills
theory. Our analytical solution corresponds to the numerical solution found by Montero and
Negele on a lattice. This result strongly suggests that a meron pair is the most relevant quark
confiner in the original Yang-Mills theory, as Callan, Dashen and Gross suggested long ago.
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Magnetic monopole loops by a meron pair

1. Wilson loop and magnetic monopole
For a closed loog, the Wilson loop operator for SU(2) Yang-Mills connection is defined by
WE[A] := tr[Zexp{ig fodX'AL(X) }] /tr(1),  Ap(x) =Af(x)0"/2. (1.2)

The path-ordering” is removed by using the Diakonov-Petrov vers@idf a non-Abelian Stokes
theorem for the Wilson loop operator: in theepresentation of SU(2) = 1/2,1,3/2,2,-- -\

We[A] = /duz( )exp{ng/ s ds? fw} no path-ordering ,_2__\
fuv(X) 1= Gu[ATIMA ()] — Ay [AR NP (X)] — g 1A% () 3B (x)aunC(x),  C
(x)o? := UT(x)a3U (x), U(x) e SU2) (A,B,Ce {1,2,3}), (1.2)

wheredps (U) is the product measure of an invariant measure on SU(2)/U(1)xver

2)+1
AT

dps (U |1du duU(x) = 3(n(x)n*(x) — 1)d°n(x), (1.3)

where we have introduced a unit vector fiel).
The geometric and topological meaning of the Wilson loop operator was give in [

Wel] = [duz(U)exp{idg(=s,k) +1Jg(Ns, j)}, C=0% (1.4)
k:=06f="df, =Z5:=860s;A1t— (D-3)-forms (1.5)

ji=0f, Ny:=080:A"1« 1-forms (D-indep.) (1.6)

Ok (x) = J, d2V(x(0))5P(x— X(0)), (L.7)

wherek and j are gauge invariant and conserved curredits= 0 = dj. Thus,we do not need to
use the Abelian projection proposed by 't Hooft ] to define magnetic monopoles in Yang-
Mills theory! The Wilson loop operator knows the (gauge-invariant) magnetic monopole!
Then the magnetic monopole is a topological object of co-dimension3.dimensions,
D=3: 0-dimensional point defeet: magnetic monopole of Wu-Yang type
D=4: 1-dimensional line defeet: magnetic monopole loop (closed loop)

ForD =3,

1 .
k(x) = és“‘fdg fik(X) = pm(X) . (1.8)
denotes the magnetic charge density, a&nd \E/
=5 (X) = Qz(x)/(4) S (1.9)

Am” x
agrees with the (normalized) solid angle at the paistibtended by the surfagebounding the
Wilson loopC. Then the magnetic paW) is written as

W7 = exp{iJg(Z5,k)} = exp{i\]g/ d3Xom(X) QZI(_;() } : (1.10)

The magnetic charggy, obeys the Dirac-like quantization condition:

Om = /d3xpm(x) =4mgn (nez). (1.11)
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The proof follows from a fact that the non-Abelian Stokes theorem does not depend on the surface
> chosen for spanning the surface bounded by the @dpee}].
For an ensemble of point-like magnetic chardeds) = 51_; 26® (x— z,), we have

n n
WD = exp{iJ4g z q?an(za)} = exp{iJ z nan(za)} , M EZ. (1.12)
7Ta:l a=1

The magnetic monopoles in the neighborhood of the Wilson subd€s (z,) = +-2m) contribute
to the Wilson loop

] {Tg_l(_l)na (J:1/2,3/27) ) (113)

WD = |_|1exp(ii27TJna) = 1 0=12..)

a=
This enables us to explain tieality dependence of the asymptotic string tension. $e, [
ForD =4, Qg (x) is theD = 4 solid angle and the magnetic part reads

W — exp{iJg / d4xQ§(x)k“(x)} . (1.14)

Suppose the existence of an ensemble of magnetic monopole@Qap®H = 4 Euclidean space,
KH(X) = T a1 B dc, d¥a 0¥ (x—Xa), f, = 41y 'na. Then the Wilson loop operator reads

n n
WD = exp{iJg z qamL(Z,Cg)} = exp{4nJi z naL(Z,Cg)} , N €Z, (1.15)
a=1 a=1
whereL(Z,C') is the linking number between the surfacand the curve’:

L(Z.C) = (D2 (y().

Here the curv€’ is identified with the trajectori of a magnetic monopole and the surfaceith
the world sheet of a hadron (meson) string for a quark-antiquark pair.

The Wilson loop operator is a probe of the gauge-invariant magnetic monopole defined in
our formulation. Thus, calculating the Wilson loop average reduces to the summation over the
magnetic monopole charge (D=3) or current (D=4) with a geometric factor, the solid angle (D=3)
or linking number (D=4).

(1.16)

2. Main results (Magnetic loops indeed exist in YM)

We can show thahe gauge-invariant magnetic loop (assumed in the above) indeed exists
in SU(2) Yang-Mills theory in D = 4 Euclidean space we give a first* (exact) analytical solution
representingircular magnetic monopole loops joining two merong&].* N

Our method reproduces also the previous results based on MAG (MCG) and LAG:
(i) The magnetic straight line can be obtained in the one-instanton or one-meron backdéizhd. [
(ii) The magnetic closed loop can NOT be obtained in the one-instanton backgr@.@p. [

IThere is an exception: Bruckmann & Hansen, hep-th/0305012, Ann3e8/201 (2003). However, it ha@p =
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3. Reformulating Yang-Mills theory in terms of new variables

SU(2) Yang-Mills theory A reformulated Yang-Mills theory

written in terms of = written in terms of new variables:

Af(X) (A=1,2,3) change of variables  n*(x),c,(x),X}(x) (A=1,2,3)
We introduce a “color fieldh(x) of unit length with three components

n(x) = (M(x),n2(X),ns(x)), N(x)-N(x) =nNa(X)na(x) =1 (3.1)

The color fieldn(x) is identified withn(x) in (I.2). New variables(x),c, (x),Xﬁ(x) should be
given as functionals of the origina@lﬁ(x). The off-shell Cho-Faddeev-Niemi-Shabanov decom-
position [[J is reinterpreted as change of variables fréfy(x) to n(x),c,(x),X}(x) via the
reduction of an enlarged gauge symmetry. $E&[[J. Expected role of the color field: 1) The
color fieldn(x) plays the role of recovering color symmetry which will be lost in the conventional
approach, e.g., in the MA gauge. 2) The color fip{a) carries topological defects responsible for
non-perturbative phenomena, e.g., quark confinement.

4. Bridge between A,(x) and n(x)

For a given Yang-Mills fieldA ;(x), the color fieldn(x) is obtained by solving the reduction
differential equation (RDE)[Z]

N(x) x Dy A]DL[A]n(X) = 0. (4.1)

For a given SU(2) Yang-Mills fieldA,(x) = Aﬁ(x)%, look for unit vector fields(x) such
that—D,[A]Dy[A]n(x) is proportional tan(x): an eigenvalue-like form:

—~Dy[AIDLIAING) = A(XIN(K) (A (x) > 0). (42)

The solution is not uniqgue. We choose the solution giving the smallest value of the reduction
functionalF,c which agrees with the integral of the scalar functioix) overR°0

Fro= [ P (D [AIN() - (D4[AINK) = [ dxSn(4) - (D AIDLAINGX)

= Fr’g:/de;n(x) AX)N(x) = /de;)\(x). (4.3)

5. Conclusion and discussion

For given one-instanton and two-meron backgrodpdx), we have solved the RDE for the
color fieldn(x) [I2. In the four-dimensional Euclidean SU(2) Yang-Mills theory, we have given a
first analytical solution representing circular magnetic monopole l&gpeghich go through a pair
of merons (with a unit topological charge) with non-trivial linking with the Wilson surface
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This is achieved by solving the reduction differential equation for the adjoint color (magnetic
monopole) field in the two—meron background field using the recently developed reformulation
of the Yang-Mills theory[[d,[12] and a non-Abelian Stokes theore.|

Our analytical solution corresponds to a numerical solution found on a lattice by Montero and

Negele[[J.

We have not yet obtained the analytic solution representing magnetic loops connecting 2-
instantons, which were found in the numerical way by Reinhardt & [k [

Thus we are lead to a conjecture: A meron pair is the most relevant quark confiner in the
original Yang-Mills theory, as Callan, Dashen and Gross suggested lonf[djgoThis means a
duality relation:

dual Yang-Mills: magnetic monopole loogs=- original Yang-Mills: merons
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