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In the presence of certain symmetry, called cohomogeneity-one symmetry, the equation of mo-
tion of an extended object in spacetime reduces to the problem of finding geodesics on a certain
orbit space. We present a general method for obtaining solutions of such extented objects and
classifying them. The classification is carried out in 4-dimensional Minkowski space and in 5-
dimensional anti-de Sitter space. The solvability condition is described in terms of Killing vectors
and Killing tensors which mutually commute. In 4-dimensional Minkowski space, it is found that
all types of cohomogeneity-one strings are solvable. In the case of 5-dimensional de Sitter space,
there are not enough number of commuting Killing vectors but that the problem reduces to that
of finding curves on a two-dimensional surface.
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Existence and dynamics of extended objects play important roles in various stages in cosmol-
ogy. Examples of extended objects include topological defects, such as strings and membranes,
and the Universe as a whole embedded in a higher-dimensional spacetime in the context of the
brane-world universe models [1]. The trajectory of an extended object is determined by a partial
differential equation (PDE). For example, a test string is described by the Nambu-Goto equation
which is a PDE in two dimensions. Because the dynamics is more complicated than that of a
particle, one usually cannot obtain general solutions. One way to find exact solutions is to assume
symmetry. The simplest solutions to such a PDE are homogeneous ones, in which case the problem
reduces to a set of algebraic equations. However, the solutions do not have much variety and the
dynamics is trivial.

Figure 1: Solving a trajectory of the cohomogeneity-
one string reduces to finding a geodesic c on the orbit
space (O,− f h).

One may expect that if we assume
“less” homogeneity, the equation still re-
mains tractable and the solutions have
enough variety to include nontrivial config-
urations and dynamics of physical interest.
The cohomogeneity-one objects give such a
class, where the PDE governing the motion
of an extended object reduces to a set of or-
dinary differential equations (ODE). Below
we focus on the case where the extended ob-
ject is a string, because of its importance
and for simplicity. Let (M ,g) be a space-
time, i.e., a manifold M endowed with a
Lorentzian metric g. We say that a world
sheet S of a string is of cohomogeneity one
if it is smoothly foliated by some curves Sσ

labeled by a real number σ and there is a
one-parameter group K = (φτ)τ∈R of isome-
tries φτ which acts transitively on each Sσ .

Let us consider the string described by
the Nambu-Goto action

S =
∫

S
dσ 2

√
−det

(
gab

∂xa

∂σ α
∂xb

∂σ β

)
. (1)

For a cohomogeneity-one string, one can carry out the integration in the direction of the Killing
vector ξ = ∂τ to obtain

S =
∫

c
dσ

√
− f habẋaẋb, (2)

where

hab := gab −ξaξb/ f , f := ξ aξa, (3)

and an overdot denotes the differentiation by σ . The integration in (2) is over a curve c on the
orbit space O , which is defined by identifying all the points on each Killing orbit Sσ in M . Thus
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the problem of the string reduces to finding geodesics on the orbit space O with the metric − f h
(Fig. 1). The metric h has the Euclidean signature if ξ is timelike, i.e., if f < 0, and has the
Lorentzian signature if ξ is spacelike, i.e., if f > 0. In practice, it is often more convenient to deal
with a modified action

S =
∫

c
dσ

(
− 1

α
f habẋaẋb +α

)
. (4)

which derives the same geodesic equations as (2) and retains the invariance under reparametrization
of σ . The variable α is the norm of the vector tangent to c.

Type Killing vector ξ
I aPt +bJz

II aPt +bPz

III aPz +bJz

IV aPz + Jz +Ky

V aPz +bKy

VI aPx + Jz +bKy

VII Jz +aKz (a ̸= 0)

Table 1: The classification of the cohomogenety-
one strings in the 4-dimensional Minkowski
space by the Killing vector ξ along the world
sheet.

The procedure above can be carried out once
ξ (or K) is given, but different Killing vector
fields ξ and ξ ′ may derive the physically equiv-
alent solution of the string. This happens when
there is an isometry Φ on M such that

ξ ′ = Φ∗ξ . (5)

In algebraic terms, the complete classification of
cohomogeneity-one string is to determine g/Adg

where g denotes the Lie algebra of the isometry
group of M , i.e. the set of Killing vector fields on
M . The classification is done for 4-dimensional
Minkowski space E3,1 (Table 1) [2] and for 5-
dimensional anti-de Sitter space AdS5 (Table 2) [3].

We have explained how to classify the cohomogeneity-one strings and how to reduce the prob-
lem of finding their trajectories to a set of ODEs. The obtained ODEs can always be solved numer-
ically, but they are not always solved analytically. Thus the problem of solvability is of interest.
The simplest sufficient condition for the solvability of the geodesics on (O,− f h) is that there are
(dimO − 1) independent, mutually commuting Killing vector fields on (O,− f h). In order to de-
termine the isometry group of (O,− f h), it is important to notice that the orbit space (O,− f h)

Type Killing vector ξ
(4|0) Kx + K̃y + Jxy +L+2(Jyz +Kz)

(±3,∓1|0) Kx + K̃y + Jyz ∓ Jxw +a(Jxy −L± Jzw)
(2,2|0) Kx +L+aJyz

(2,−2|0) Kx + Jxy +aJzw

(2,1,1|0) Kx + K̃y + Jxy +L+aJzw +b(Jxy −L)
(1,1,1,1|0) aL+bJxy + cJzw

(2|1) Kx + K̃y +L+ Jxy +aJzw +b(Ky + K̃x)
(1,1|1) Kx + K̃y +aJzw +b(L− Jxy)
(0|2) Kx + Jxy +aK̃z (a ̸= 0)

(0|1,1) aKx +bK̃y + cJzw (b ̸= ±a)

Table 2: The classification of cohomogeneity-one strings in 5-dimensional anti-de Sitter space.
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“inherits” some of the isometries from (M ,g). Namely, if an isometry Φ on M commutes with ξ ,
one can define a map ΦO from O to itself by ΦO(x) := π ◦Φ(p), where π is the projection from
M to O and p is any point such that π(p) = x. It is easily shown that ΦO preserves f as well as
h and thus is an isometry on (O,− f h). Therefore the group formed by the isometries M which
commutes with ξ gives (a subset of) the isometry group of (O,− f h). In the case of the Minkowski
space E3,1, this analysis shows that for all types of ξ except Type VII, the geodesic on (O,− f h)
are solvable. However, an interesting fact is that the geodesics also turn out to be solvable for
Type VII. Namely, one can show the existence of a nontrivial Killing tensor on (O,− f h) which
ensures the solvability [4]. We have performed the same analysis in for all the types in the case of
AdS5 found in Ref. [3]. It is found that for all the types there are two commuting Killing vector
fields on (O,− f h). This shows that the problem of solving cohomogeneity-one strings reduces to
a problem of finding certain curves on a two-dimensional surface, but it is not known whether they
are solvable. Existence or inexistence of nontrivial Killing tensors on (O,− f h) is unknown. In
Ref. [3], the solutions is given in the special case when there are more than two commuting Killing
vector fields on (O,− f h).

The strings solutions found in the procedure above are treated as test strings. It is interesting
to include gravitational couplings with the background spacetime. Gravitational radiations emitted
by those strings and the back reaction to the string are being calculated [5, 6].
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