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With the advent of the new generation of Cherenkov telessepeh as H.E.S.S., MAGIC, CAN-
GAROO lll and VERITAS, about 20 active galactic nuclei bejorg to the blazar category have
been clearly detected at very high energies. Spectacutasflaere observed in a few of them,
such as Mkn 421, Mkn 501 and PKS 2155-304, during which gamaydluxes could be sampled
with time intervals of a few minutes, an important asset i gnest of a smallest time-scale in
the underlying phenomena. In the very-high-energy donthmgexperimental situation is how-
ever more tricky than in variability studies carried out byra§ satellites: the time resolution
critically depends on the flux itself, due to both photonistats and background contamination,
and the continuous time series are never longer than a fevg hbigvertheless, a description of
the observed phenomena by a random stationary processtharad by a simple power density
spectrum — a power law of frequency — can be investigatedh @ustudy requires simulations
of very long time series in which the experimental effectstaken into account. Using H.E.S.S.
observations of PKS 2155-304 in July 2006, it is shown thi#é¢dint observables, namely excess
variances measured over different durations as well as gtrov structure functions, can be
consistently accounted for by a simple log-normal process.
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Figure 1: Light curve of the blazar PKS 2155-304 as observed by H.E@31ID 53944. The figure is
taken from ref. [2].

1. Introduction

The recent spectacular increase of the sensitivity of Cherenkovaoples¢H.E.S.S., MAGIC,
VERITAS and CANGAROOQO ll1) has led to the detection of about 20 blazangting in the TeV
energy range, as reviewed in this workshop by W. Benbow [1]. UWaf@ately, most of these blazars
are weak TeV emitters with fluxes of the order of a few percent of that @fGrab nebula in
the same energy range. However, a handful of them (Mkn 421, Min 58S 1959+650 and
PKS 2155-304) sometimes exhibit dramatic flares during which the gammausajsfso high
that significant variability can be observed, even over timescales of tex of a few minutes
(Fig. 1). Until recently, variability studies carried out with Cherenkov wiges (e.g. [2], [3])
have essentially characterized light curves by empirical variables sudoabling time”, “excess
variance”, and “fractional variability” per night (see e.g. [4] for défbns).

This situation contrasts with that of the X-ray domain, in which the power spactf the
fluctuations of the X-ray flux can be measured and is used to define a Stheeabject. This is
the case for galactic X-ray binaries [5] as well as for active galactiten{@]. This is illustrated
in Fig. 2 which shows the power spectral density of several X-ray lgigdn different states, as a
function of frequency. In this framework, it is implicitely assumed that amgstate of the system
can be described by a random stationary process characterized pgwiee spectrum, at least
during a limited period. In this article, this point of view is applied to the blazar Pk&5-304, as
observed by H.E.S.S. during its flaring period in July 2006 (MJD 5394B-5B047).

The experimental constraints limiting the capability of Cherenkov telescopeariability
studies are first reviewed in section 2. Taking these constraints into rat¢cabfierent methods
characterizing the source variability are explained in section 3, in partitubse in which the
power spectral density can be characterized by comparing the expalrigit curves to a large
sample of very long simulated time series corresponding to a given statiaasss. In section 4,
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Figure 2: Power spectral density of black hole candidates in X-rayatids for different states of these
objects. The spectrum labeled LS is that of Cyg X1 in the I@atestThe figure is taken from ref. [5].

such a method is applied to H.E.S.S. data taken on PKS 2155-304 in the perivdb3834-
MJD 53947. It is shown that the data can be accounted for by a singlétloga-normal process

and that the power spectral density can be parametrized by a powerfiesgeéncy in the interval
[107*Hz,10?Hz].

2. Experimental constraints with Cherenkov telescopes

The high sensitivity of the most recent arrays of Cherenkov telesambies on two main
factors: firstly, their large effective detection areas, typically 80* m? to 1 m?; secondly,
their powerful rejection of the background of hadronic cosmic raystddime grain imaging and
to stereoscopic reconstruction of atmospheric showers. Howeveratkesubmitted to several
constraints which make variability studies more tricky than those of satellite imxgrets:

e Observations require moonless clear nights and generally severe¢s@ue observed during

the same night; therefore, a given object cannot be continuously mahdareng more than
a few hours.

e The energy threshold (thus the effective detection area) varies withettithzangle dur-
ing the observations due to source tracking. Therefore, spectruendept corrections are
necessary to produce a light curve at a fixed energy threshold.
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Figure 3: Minimal observation duration for a 5 standard deviationedgon of a source by H.E.S.S. at
a zenith angle of 2Q as a function of the gamma-ray flux, for an energy threshbl200 GeV. In most
observations of PKS 2155-304, the flux was of the order of 108at of the Crab nebula. Fluxes measured
during the flares of July 2006 are indicated by the red lineesuposed to the curve.

o Finally, the light curve sampling strongly depends on the gamma-ray flux itsel. conse-
guence, different frequency domains are accessible at differaxis lef flux.

This last point is illustrated in Fig. 3 which shows the minimal tikienecessary for H.E.S.S. to
get a 5 standard deviation detection of a source as a function of the gaegrflaxrabove 200 GeV
for a 20 zenith angle. For low fluxes (say less than 10% that of the Crab nebuddjusherror is
dominated by the hadronic background; for higher fluxes, the sensisvityly limited by photon
statistics. These two regimes are indicated by the central dotted lines in Fign rBodt of the
observations, PKS 2155-304 is found to emit at the level of 10% of thie fira and a significant
measurement requires one hour of observation. During the flarelyydQ@6, the source intensity
varied between 1 and more than 10 Crab units, and the figure shows that, nmogt favorable
situations, it is possible to sample the light curve every minute.

3. Characterizing the variability

Several empirical variables have been proposed to characterize rihbilityg of a source.
They are the following [4]:

¢ The “excess variancej2,. is obtained by subtracting the contribution of experimental errors
from the variance of the fluxesbf = ®(tx), k = 1,N) measured at different timeg on a
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given light curve segment:
2 2
Ogyc = Var(®) — ag,

e The “fractional variability"F,, is defined as the ratio of the excess r.nog to the average

measured flux:

Oexc
I:var = =

0]

e The “doubling timet, is obtained from the fluxe®y, in the following way:

. tk—t | P+ D
to = min(tq) where rk|_‘ K ’ kt D

Py 2

As an alternative definition of the doubling time, one takes the avetagfethe 5 smallest
values of thery.

All the preceding variables depend on the durafioof the light curve segment over which they
are measured, as well as on the ditef the sampling interval of the light-curve. In our studi€s,

is hardly larger than a few hours, wherg@dsan be of the order of a few minutes during big flares.
These figures are quite different from those related to X-ray obsenga Moreover, measuring
the excess variance (and the corresponding excess r.m.s.) requinbetfax be significant over
the light-curve segment of interest. The preceding variables are thuglstiaffected by the sen-
sitivity of the instrument and by the intensity of the source which consirandAt. They are not
intrinsic properties of the source.

In contrast, if one adopts the point of view of a random Gaussian stayigmacess, the
power spectral densitip(v) as a function of the frequenayis an intrinsic characteristics of the
source. As a matter of fact, in the X-ray domain, power spectra arentlyrraeasured for binary
systems and for active galactic nulei [6]. In the very high energy dommth, short continuous
observation durations and with typical measurement errors on the fluxddlisate to directly
determine the power spectrum from the Fourier transform of the lightecsince this procedure
is very sensitive to windowing effects. On the other hand, power speftta take the form of a
power law of frequency in a large domain of frequencies. Fourier aisabf the PKS 2155-304
light curve of MJD 53944 [2] does suggest such a power R{w) [0 v—¢ with an exponentr
close to 2 (Fig. 4). Similarly, X-ray observations of PKS 2155-304 by tep®-SAX satellite in
1996 and 1997 [4] had also found a power law dependence (Fig. 5¢ isatme frequency range
(1072 —10* Hz). Such a power density spectrum with an indeglose to 2 is that of a red noise,
which makes windowing effects particularly important due to low-frequdeakage [7]. In this
work, we assume the form of the power I&8() = K(vier/v)? and give a parametric estimation
of the exponentr, as well as of the power spectral dendityat a reference frequency, namely
Viet = 1074 Hz. This value was chosen to minimize the correlation between the two measured
parameter& anda. It should be noted that the power law cannot be valid for arbitrarily high o
low frequencies. At high frequencies, a cut-off is expected at the sshélee scale imposed by
the size of the emitting region (causality). At low frequencies, at least ogakhis expected to
avoid the infrared divergence if > 1. The parameterg andK are determined by a maximum
likelihood method in which the distributions of the experimental observableanpared to those
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Figure 4. The Fourier power spectrum of
the light curve of PKS 2155-304 during 90
minutes on MJD 53944. The dotted line is theFigure 5: Power spectral density of PKS 2155-304 from
level of noise induced by measurement error-ray observations by Beppo-SAX in 1997. The figure is
The figure is taken from ref. [2]. taken from ref. [4].
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from simulated time series generated by random processes with varioas edtuandK. At this
stage, it is important to specify the relevant Gaussian random variahilee ffux results from a
sum of different components, it is expected to be Gaussian. On theitgpbd results from a
multiplicative process, its logarithm is expected to be Gaussian [8]. Thespdssibilities are
taken into account in the simulations which are now briefly described.

For practical reasons, simulated light curves are generated by Feearies, which implies a
discrete set of frequencies. This approximation is reasonable if tharfuewtal frequency is very
low. Hence, light-curve segments are extracted from series of duratioh longer & 2 x 10° s)
than those of the periods of continuous observations. Each term ofribe bas a random phase
and its Fourier coefficient is normally distributed with 0 mean and with a varigives by the
power spectrum. These series are considered to give either the variatitre flux, or those of
its logarithm. Simulated light curves are segmented into active periods andfgsgse durations
as the experimental ones in order to account for windowing effects. fllikés averaged over
time intervals of same duratiofit as in the experimental light curve and its value is distorted
according to measurement errors in the conditions of real observatiatihh 500 realistic light
curves generated for each get,K}, the expected distributions of any measured variable can then
be determined and further used to build likelihood functions.

4. The exceptional flaring period of PKS 2155-304, as observéy H.E.S.S. in July
2006

The light curve of PKS 2155-304 during the period of highest intensititéi)X53944-53947)
is shown in Fig. 6 in intervals aft = 4 minutes.

4.1 The excess r.m.s.-flux correlation

If the gamma-ray flux were the relevant Gaussian variable, its averdge wauld be com-
pletely uncorrelated with the higher moments of the light curve, in particular witlexkcess vari-
ance (thus with the excess r.m.s.). On the opposite, a strong r.m.s.-flux torrédeexpected if
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Figure 6: The light curve of PKS 2155-304 as observed by H.E.S.S. dutinights: MJD 53944, 53945,
53946 and 53947.
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Figure 7: Excess r.m.s. versus average fluxes fdfigure 8: Excess r.m.s. versus average fluxes for
segments of light curve of 20 minutes duration, sansegments of light curve of 80 minutes duration, sam-
pled every minute. pled every 4 minutes.

the Gaussian variable is the logarithm of the flux (log-normal process3h Borrelations have
been observed in the X-ray emission of binary systems and of some aalaetig nuclei (see e.g.
[8]). In order to investigate a similar correlation in H.E.S.S. data on PKS 30D385+wo kinds
of light-curve segments have been used, characterized by their dufatiad their sampling in-
tervalAt: T = 20 minutes and\t = 1 minute for segments of the first kindi; = 80 minutes and
At = 4 minutes for segments of the second kind. The excess r.m.s. is plotted trersaxerage
gamma-ray flux in Fig. 7 and in Fig. 8 for segments of the first and of thengddad respectively.
With light-curve segments of 20 minutes, the 95% confidence interval foottelation coefficient
is found to bg0.36— 0.81] and is hardly affected when the experimental points in the diagram are
moved within the experimental errors on the flux. With light-curve segment$® afi@utes, the
correlation coefficient is still higher and found within the interjaB4 — 0.98] at 95% confidence
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Figure 9: Excess r.m.s. versus average fluxes for 500 simulated ségrokfight curve of 20 minute
duration, sampled every minute, far= 2 andK, = 500 Hz 1.

level. Here also, the size of experimental errors does not affect thdusion: the gamma-ray
flux is clearly not the relevant Gaussian variable, this possibility being égdlat the level of 7
standard deviations.

Therefore, in the following, data are compared to simulations of log-normakgses charac-
terized by power spectra of the foa(vier/v)?. Since the Gaussian variable i), the integral
of the power spectrum over all frequencies gives the total fracticexdhlility squared which is
dimensionless and therefoke is expressed in HZ (or in s). The parameters andK, are then
determined by a maximum likelihood method. For each{se,}, 500 light curves are simu-
lated from which the distributions of the measured quantities are extractedeficess r.m.s. or
alternativelyF,; for light curve segments of both kinds. This is illustrated in Fig. 9 showing the
excess r.m.s.-flux diagram obtained from simulations of a log-normal rapdooess witho = 2
andK, = 500 Hz™%, for light curve segments of 20 minutes. For a given{setK, }, the likelihood
function L(a,K,) is built from the simulated distributions of the average fibvand from those
of the fractional variabilityR,sr measured over light curve segments of a given kind. It should be
noted that, for those segments in which the flux does not vary significarglgaiculated excess
variancea?,. = varn(®) — g2, may be negative so th&, = Oexc/P cannot be calculated. This
situation may occur both in data and in simulations in which measurement ereotakan into
account. Clearly, the probability of such a situation depends on the parameiadK, and must
be taken into account in the maximum likelihood method. Therefore, for & givenber of exper-
imental segments (each one yielding an entry in a given histogram), simulafmngacalculate
the expectation values of the following quantities:

e number of entries in a givew interval;
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Figure 10: Maximum likelihood determination af andK,. Contours are given for 95% confidence domains
in the {a,K,} plane. Red contours are obtained by the method explaineeciioa 4.1, using light curve
segments of 20 minute duration sampled every minute. Blatocos are similarly obtained with light curve
segments of 80 minute duration, sampled every 4 minutesckRlantours are obtained from the study of
structure functions explained in section 4.2.

e number of entries in a givelR 4 interval;
e total number of entries in the last histogram (i.e. those wgh > 0).

The distributions ofp andF,,r are assumed to be independent, which is confirmed by simulations.
The likelihood functionL(a,K;) is thus given by the product of the probabilities to observe the
experimental histograms @ andF,,, as well as the number of segments Wit(f;(c >0. Asa
result, 68% and 95% confidence regions in {beK,} plane are shown in Fig. 10. Both kinds of
light-curve segments have been used; red contours correspdnd &) minutes and blue contours

to T = 80 minutes. Both yield compatible valuesmfandK,. The indexa is found to be close

to 2, a value similar to those found in previous X-ray observations [4}{Hsupower at 10* Hz is
higher than the one measured in X-rays by almost an order of magnitude.

4.2 Structure function

An alternative way to derive the parametarandK, is provided by the study of the first order
Kolmogorov structure functiof(t) [9] [10], defined as the average value of the squared difference
between signals as measured at times separated by ade&ayce the relevant Gaussian variable
is the logarithm of the flux, the structure function is given by :

S(1) = [INd(t) — IND(t 4 1)]?
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Figure 11: Structure function from PKS 2155-304 observations durirgpdsecutive nights MJD 53944-
MJD 53947 (crosses). The upper and lower dotted lines italitee limits of a 68% confidence interval
expected from simulations of a statistical ensemble ot lighves witha = 2 and log (K, /Hz 1) = 2.8.

For small values of, this function is essentially equal to twice the variance induced by the mea-
surement errors but at larger valuestpthe function is sensitive ta andK,. However, large fluc-
tuations from series to series are expected from Monte-Carlo simulatioasgiven set{ a,K,}.
The structure function obtained from the 4 consecutive nights with the $tigiverage intensities
(MJD 53944-53947) is given by crosses in Fig. 11. In the same figjueeypper and lower dotted
lines indicate the limits of a 68% confidence interval expected from simulatioastattistical en-
semble of light curves witlr = 2 and log(K,/Hz 1) = 2.8. Moreover, for a fixed value df, the
distribution of InS(1) for a given set of paramete{sr, K, } is found to be almost Gaussian in simu-
lations. Therefore, a likelihood function of andK, based on the first order structure function can
be built. The black contours in Fig. 10 show the 95% confidence region ifichi€; } plane ob-
tained by this method. The resultis in good agreement with the one obtainexdionse 1; indeed,
the structure function provides a more accurate measurememawndK,. All the preceding meth-
ods can be combined to give the final result:= 2.06+0.21 and log,(K,/Hz 1) = 2.8240.08

at 95% confidence level.

4.3 Doubling times

The doubling times, andt}, defined in section 3 are also often used to characterize the vari-
ability of a blazar. They are directly related to the quantities

tk—1t | P+ D
O — D 2

Tklz‘

10
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Figure 12: 95% confidence regions in tHex,K,;} plane obtained from the doubling times: red contours
correspond to MJD 53944 and black ones to MJD 53946.

MJD 53944 MJD 53946
At to = min(ty) t, = (5smallesty) At to =min(ty) t;, = (5smallesty)
1min.| 1.2840.38 2.84+1.00 1 min.| 1.384+0.37 2.33+0.97
2min.| 2.634+0.54 453+1.59 2min. | 3.494+1.00 6.22+2.22

Table 1: Doubling timest, andt) in minutes from two observation periods of PKS 2155-304 (N&ED44
and MJD 53946) with different sampling intervals. See texthe definitions of, andt,.

defined for each pair of flux measurements in the light curve. In the detationroft, = min(ty))
ort, (average of the 5 smallest valuesmi), pairs are taken into account only if they satisfied the
two following conditions:

o both fluxesdy and®, must be different from zero with a significance greater than 2 standard
deviations;

o the relative error on the flux differen¢®y — ®;| must be smaller than 30%.

Howevert, andt) strongly depend on the sampling interlof the light curve as shown in Table 1
for two data sets (MJD 53944 and MJD 53946). Simulations can also betase¢bstigate the
sensitivity of the doubling times to the parametarandK,. The 95% confidence regions in the
{a,K;} plane obtained from doubling times are shown in Fig. 12; these regions onktrain
log;o(K¢) for a > 2 and yield values compatible with the result given in section 4.2. On the other
hand, doubling times are absolutely not sensitive to

Doubling times are often quoted to set an upper limit on the ultimate causality time sttade in
gamma-ray emission process. However, it can be seen from Table 1éiratdlues are close to

11
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the minimal time to get a 5 standard deviation significance of the signal at highrhexefore, in
the future, more sensitive arrays of Cherenkov telescopes are likehdterfialler doubling times.
This can be checked by assuming no high-frequency cutoff in the speetnd by simulating a
blazar flare witha = 2, log;o(K,/Hz 1) = 2.8 and an intensity comparable to that of PKS 2155-
304 on MJD 53946, as observed by a square array of 36 telesasgleasthose of H.E.S.S. I. It
turns out that the light curve can then be sampled in intervals of 20 s anthéhdoubling time;

is found to be 25 s (with 30% accuracy). Only if a significantly larger vafite were found, could
one claim a real cutoff in the power spectrum related to the size of the emitgranre

5. Conclusion

The variability of PKS 2155-304 in very-high-energy gamma-rays, aemed by H.E.S.S.
during the flaring period in July 2006, has been investigated as a ran@dionary process by
means of several methods which all yield consistent results. This studyfisstad its kind carried
out on a blazar at very high energies. The observations can be veelliloled by a log-normal
random process, which suggests an underlying multiplicative phenomBebmeen 10* Hz and
102 Hz, the power spectrum can be described by a power law with the index.06+ 0.21,
typical of a red noise; the powiy, at 104 Hz is given by logo(K,/Hz 1) = 2.824-0.08. A similar
red noise was observed in the X-ray emission of PKS 2155-304, but witith lower X-ray power
at 1074 Hz. The preceding study should now be completed in several ways. iEissinportant
to correlate the power density spectrum with the energy spectrum, in partioulavestigate a
variation of the parameters in different energy bands. It may help ctegize the different states
of the blazar. It is also important to investigate the power spectrum at loeguéncies, looking
for a spectral break which is necessary to avoid infrared diveggeNew H.E.S.S. observations
and forthcoming multi-wavelength campaigns will be particularly useful to &ehigs program.
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