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1. Introduction

Lattice QCD suffers from the so-called Sign Problem; the Lagrangiantgiemish N¢ quark
flavors has the forngMg; the functional measure déM(u) = def'M*(—u) implies that for
U # 0 the action is complex, rendering Monte Carlo importance sampling impracticable.

Can one at least perform lattice QCD simulations in the quenbhed 0 limit, i.e. study the
propagation of valence quarks with# 0 through a non-perturbative gluon backgroufd [1]?

Of course, the information extracted from such an approach coulddmstagualitative, since
(unlike the case of > 0) the gauge field ensembf{®,,} can only respond t@ # O via virtual
quark loops. Anyway, such information might be valuable in furnishing perturbative defi-
nition of the Fermi surface, whose existence is assumed in most phenougieabteeatments of
dense matter.

In the context of a random matrix theory, Stephandv [2] showed thatukedped theory
should be thought of as ti — 0 limit of a QCD-like theory with not jusiN¢ flavors of quarlq € 3
of the SU(3) gauge group but also with flavors of conjugate quar’ € 3. As a consequence,
g bound states appear in the spectrum, resulting in baryons degenerate titiméigons. For
u/T > 1there is amnset transitiorfrom the vacuum to a ground state with quark number density
ng > 0. For QCD it occurs afi, ~ my/3 (my is the nucleon mass) but if conjugate quarks are
presentuy ~ my/2.

We try to modify the gluon background in some way so that color confinemdanhger holds:
then the role ofjcf excitations may not be so important in determining the ground state in the quark
sector. Our hope is that valence quark propagation in such a backfnoay qualitatively resemble
that of the deconfined regime of the phase diagrapyat>> 1. We start with the 8 configurations
characteristic of the deconfined phase found at T, u/T < 1 produced by the approach to hot
gauge theory known as Dimensional Reduction (DR). The quenched éstive 31 SU(2) gauge
— adjoint Higgs model obtained by DR frond £U(2) given by Eqn. (4) of Ref][3]:

Sq =P Z <1— ;tar,ij> + zztr(‘px(px) — 2K ztr(‘pxux,ifpxﬂu;i) +A Z(Ztr((bx‘px) — 1)2a
X,1> | X X, X

where¢g = %(j)ara represents the adjoint Higgs field. In the DR approach, all non-staticsraidee

gauge theory are integrated out leavingdagauge-Higgs model describing the non-perturbative

behaviour of the remaining static modes.

Our goal is to study quark propagation througham-confiningguenched gluon background
with 1 # 0. Since chemical potential couples to quarks via the timelike component ofitient
UPy, this is an inherently four-dimensional problem. In order to generate aetkground
we take a 8 configuration generated by the DR simulation, motivated by the fact thatdties
deconfining physics, and “reconstruct” the gauge field in the timelike diregtaothe prescription:

Up = exp(ig\/NTTfp) — cOS(gy/Pafi) + = e _sin(g P (L.1)

B
counterparts. Henceforth we usé donfigurations{U, } generated as outlined above as input in
quenched studies.

with § = \/7 Spatial link variabledJ; are taken to be time independent and identical to thebir 3
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Sinceq andq fall in equivalent representations of the gauge group hadron multiplaetaioo
bothgq mesons andq, qq baryons, which are degenerateuat 0. In the chiral limit the lightest
hadrons are Goldstone bosons and can be analysed using chirabatotutheory ¥PT) [H]: at
leading order fou > T a second order onset transition from vacuum to matter consisting of tightly
bound diquark scalar bosons is predicted at exgedly- m;/2. In the limit y — o, the matter
in the ground state becomes arbitrarily dilute, weakly-interacting and rativistic: a textbook
example of Bose-Einstein condensation. At the same point the chiral nsetgéqq) starts to
fall below its vacuum value and a non-vanishing diquark conderigajedevelops. The diquark
condensate spontaneously breaks U(1) baryon number symmetry,ggotinel state is superfluid.

More recent simulations have found evidence for a second transitiorgat Jato a decon-
fined phase, as evidenced by a non-vanishing Polyakov [gop [5] wrdféll in the topological
susceptibility []. In this regime thermodynamic quantities scale according toxffecetions of
free field theory (also referred to as “Stefan-Boltzmann” (SB) scalmaynelyn, (] us, and energy
densitye O u* [B.

2. Numerical Results

We have chosep = 9.0 sufficiently close to the continuum limit for the DR formalism to
be trustworthy, and start with a point with = 2T¢: this corresponds ta = 0.3620027,A =
0.0020531. It is important to make a precise determination of the pion mass-d1. we obtain
mya; = 0.2321(1) on a & x 32. Since this scale is not too dissimilarltg®, we have repeated
the measurement on 416 64, where we findn,a = 0.23683). The systematic error due to finite
volume is significant, but small enough at 2% to be acceptable for this eiqriprstudy. We
have analysed the quark dengityand chiral condensatgq) as functions ofu for variousj with
0< u/T < 8. There is a transition ata; ~ 0.12, becoming more abrupt as diquark souyee O,
from a phase witng = 0, (qg) constant to one in whichy increases approximately linearly with
u and(qo) O u~2. This is in complete accordance with the scenario describegRdyin which
asp increases af ~ 0 there is a transition at. = m;/2 from the vacuum to a weakly-interacting
Bose gas formed from scalar diquarks. The diquarks are suppodsustcondense to form a
superfluid condensate; on a finite system this must be checked @tusing the(qq,. ) observable:
the condensate increasing monotonically withTo determine the nature of the ground state an
extrapolationj — 0 is needed. We have used a cubic polynomial for data wilg € ja < 0.1;
Fig.[l confirms that once again there is an abrupt change of behavitherander parameter gt~
my/2, and that the highe phase is superfluid. Next we explored a parameter set correspdoaing
smaller scalar “stiffness” by changing#o= 0.1. Naively this corresponds to a huge valugd ¢,
ie. taking us further into the deconfined phase of the hot gauge thedryoutse, whether DR-
based concepts remain valid for the reconstructed theory must be sefdiezapirically. This time
we used a volume8« 64 for the bulk observables andat= 0 determined the pion massa; =
0.13771) on & x 128, andnya; = 0.14234) on 16 x 64, showing that the finite volume error is
now roughly 3%. We studien, and(qq) as functions ofx for 0 < /T ~ 12. Itis noteworthy that
for 4 > my/2 ng(u) is numerically very similar to the values found rat= 0.3620027, whereas
for u < my/2 the chiral condensat@q) is significantly smaller, indicative of a weaker quark —
anti-quark binding at this smaller. Moreover, using the Gell-Mann-Oakes-Renner relation, valid
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Figure 1: (qqg;) vs. ua for variousj; the extrapolation tg — 0 is obtained using a cubic polynomial.

for xPT, f2m2 = 2my(qaq) we have:f2a? = 0.99 for k = 0.1 andf2a? = 0.58 for k = 0.3620027.
The non-interacting limit if;; — oo therefore the interparticle intractions are weaker at0.1. As
before, there is a clear discontinuity in the observables’ behavious atm;;/2, and the general
picture is qualitatively very similar, suggesting that theT scenario is still applicable. Diquark
binding is now also much weaker.

It is disappointing that we have found no qualitative change in physicseggatameters are
varied — recall that thggPT model which describes the results reasonably well is based on the
assumption of confinement, or at least on the presence of very tighthydltigoark states in the
spectrum.

To explore the parameter space more widely we focussed on a singlevatileeng, and
scanned thék,A) plane on 8 x 16 at five different values oft with B = 9.0, ma= 0.05 and
ja=0.01. Data shows that except far= 0.1 the results for fixed: are practically independent
of k and ofA. Moreover,nq increases linearly withu over a wide region of parameter space,
as it does foru > .. This approximate linear behaviour is once again a predictionRi¥, and
is to be contrasted with they O u® behaviour expected of a deconfined theory where baryons
can be identified with degenerate quark states occupying a Fermi sghadiuske ~ 4. The
absence of this scaling is a further reason to conclude that the readedtnuiodel does not describe
deconfined physics.

2.1 Bosonic Spectrum

An appropriate set of states to look at, to study the bosonic spectrum, isteusof pion,
scalar, higgs and goldstone. Pion and scalar states are related via Jpgldfhl symmetryy —
gy, x — x€%. Analogous to chiral symmetry for continuum spinors, this is an exact symmetr
of the action in the limitn — 0. In a phase with spontaneously broken chiral symmetry, the scalar
is massive, and the pion a Goldstone mode, becoming massless-a3. Similarly, “higgs” and
“goldstone” diquark states are related via the J{aryon number rotatiog — €fx, x — xe '#,
an exact symmetry of the action in the linjit- 0. In a superfluid phase witfyq, ) # 0, the higgs
is massive, and the goldstone massless in the fimitO.

The boson correlators are constructed from@ue’kov propagator where appear the 2 (in
color space) matriceld ~ (xxXy) andA ~ (xxxy) which are known as theormalandanomalous
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Figure 2: Mass spectrum of various bosonic excitations as a functigrag

parts respectively. On a finite volumde= 0 for j = O; lim;_olimy_ A # 0 signals particle-hole
mixing resulting from the breakdown of U@ symmetry, and hence superfluidity. Due to SU(2)
symmetries the only independent component¥ @ire R&\;; = N and ImA;2 = A and their barred
counterparts.

We have studied the model with a chemical potential = 0.25, ie. above the criticglic
required to enter the superfluid phase. All four channels yield cleaalsidor single particle
bound states.

Like any meson constructed from staggered fermions, the correlatatisaigte describe two
states and must be fitted using the form

C(t) =Ale ™+e ™MbV 4 Ble M 4 (—1)te MEY), (2.1)

wherem andM denote the masses of states with opposite parities. In most cases We finoh;
however foru > L the pion correlator has a distinct “saw-tooth” shape, and in fact the fds/ie
m; > Mp1, wherert denotes the usual pseudoscalar pion, lahd state of opposite parity, which
must therefore be scalar. In F[g). 2 the corresponding spectrum tixedloson states. Note that all
states are approximately degeneratg at 0; the equality of pion, higgs and goldstone correlators
is guaranteed by SU(2) symmetryjat= 0, but the degeneracy of the scalar in the chirally-broken
vacuum can only arise as a result of meson-diquark mixing dye4®. Next, note that the pion
mass remains constant for< ., where it is a pseudo-Goldstone boson associated with chiral
symmetry breaking, and then falls once the superfluid phase is entere;itheccordance with
the predictions offPT. Most of the other states show a much steeper decreasg fothut < L,
followed by a gentle rise to a plateauraai~ 0.13 in the superfluid phase > ., precisely as
expected of the goldstone state in the superfluid phase with diquark sogroe

The exception is the higgs, which rises more steeply to become the heaurat fegeu. We
conclude that the breaking of degeneracy between higgs and goldsateris clear supplementary
evidence for the breaking of U@ )symmetry in the superfluid phase and all states #th= 0t
including thebl butexceptthe higgs have some projection onto the Goldstone state, regardless of
whether the original interpolating operator is mesonic or baryonic.

2.2 Fermionic Spectrum

We have also studied the fermion spectrum, often in the context of cordiemstter called



Two Color Matter in the Quenched Approximation Pietro Giudice

[T T T T T
- lattice32x8x8x64  B=9.0 ot T R T
0.02r am=0.05 k=0.3620027 7 0.3; 1) E 5 N - unitary gauge
i j:O 02 A=0.0020531 EO 25 o} o 0] 0} o 3 A unitary gauge
0. o u=0.0 s . O " o EI;rn]t.ltl_%egSZxSXSXM
f =00 1o p=01 0.1f )
1 =0.2 i E 3=0.30
0.017 oS 1y 0055 01 02 03 04 poo
Al [ H=U. g0 04— ‘ ‘ ‘  k=0.3620027
P < =04 49,8 'E 3 A=0.0020831
o ) § i ! 03f ]
0.00 mm®®@§§%g$$§§$§_®® ; rogzg © o & o/
I 3 o} © o o 19 N
3% oo Ik b
L@ $ i 5 00"%50 01 02z 03 o4
001 Ll 1 1 u
10 20 30 40 50

Figure 4: E andl vs. ua in both normal and
Figure 3: Close-up ofA(t)for variouspa.  @nomalous channels.

the quasiparticlespectrum. Since the Gor'’kov propagatdris not gauge invariant we have to
specify a gauge fixing procedure. A feature of the quenched agiprisathat it permits large
statistics to be accumulated with relatively little CPU effort. This has enabled tisddirst time

in a gauge theory context to study at u =~ 0, by helping to overcome the sampling problems
associated with gauge fixing. We have experimented with two gauge chditgéary gauge

¢ — ¢’ = (0,0,93), which is implementedeforethe reconstruction of the 4th dimension, and
is unique up to a Z factor, specified by demanding > 0; andCoulomb gaugeimplemented
by maximisingy ; tr(Uy; +U:_f_i), in an attempt to make the gauge fields as smooth as possible
and hence improve the signaIQto-noise ratio. We have studied the normahanthlous fermion
timeslice propagators on a 3287 x 64 lattice atB = 9.0, k = 0.1, A = 0.0020531,ma= 0.05,
ja=0.0.2 andua; = 0.3; the last value chosen to ensyre- .. Two features to note are that the
Coulomb data is roughly twice as large as the unitary data reflecting an exhsignal and that
there is little variation withky.

In the NJL model the quasiparticle propagator can be successfully fititegl the forms

N(t) = Pe Bt 4 Qe En(be), (2:2)
At) = Rle Bt — g EBallet)] (2.3)

where foru # 0 there is no reason to expdet= Q, but for a well-defined quasiparticle state the
equality Ey = Ea should hold. Here, by contrast, only the anomalous channel fits prddarce
acceptabley? and shows any evidence of gauge independence. The vaEealitained is very
close tomy/2, indicating that at this value af the pion is a weakly bound state. Another striking
feature of the data is the approximate forwards-backwards symmettt pfimplying P ~ Q. We
have studied the dispersion relatidgg(ky) for data taken on a 32 82 x 64 lattice; it confirms
that the quasiparticle excitation energies kiiedependent: one motivation for our study was to
investigate to what extent the concept of a Fermi surface, which is mttysggauge invariant, can
be put on a firm empirical footing in a gauge theory. Our results showwideree for a Fermi
surface. The nature of the quasiparticle excitation is clarified a little at the pdrameter set
studied, namelx = 0.3620027. In this case our results show no evidence for any well-defpin-

% state in either normal or anomalous channels; as a result of confinemextitetion spectrum
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of the model seems to be saturated by the tightly bound spin-0 states fif Fig. B shows a close-
up of A(t) for variousp values, showing the presence of an oscillatory component whose amplitude
initially grows with u (the ua; = 0.3 points overlay those froma; = 0.2), but whose wavelength
is roughly u-independent. The origin of the oscillation could possibly be associated veithoth-
unitarity of the model, but is most likely a manifestation of independent %m‘neitations being
ill-defined due to confinement.

We have fitted the&x = 0.3620027 data to the forms

N(t) = Pe Bt cog Myt + @) + Qe v cog My (L —t) + 99), (2.4)
A(t) = Rle Bt cogat + @) —e Bl cogMa(Ly —t) 4 )], (2.5)

where we interpreE as the energy anfl as the width of a quasiparticle excitation. The results’
most striking feature is their independencerofwith ' of the same order of magnitude B&s

An interesting systematic effect is thaf, > Ea while 'y < I'a, which has motivated us to study
VEZ2+T?2vs. u: the disparity between normal and anomalous channels is significantlyegkduc
Inspection of theua; = 0.3 data also shows that the gauge dependence of this result is O(20%)
at worst. Numerically,/E2+T2 > my, indicating strong quark — anti-quark binding, due to the
persistence of confinement at this valuecofTherefore we can interpret the effect of confinement
as rotating the quasiparticle pole into the complex plane, the rotation angle bajeg ila the
anomalous channel than in the normal one.

3. Conclusions

Our attempt to alter the nature of the gluon background by changing theapians of the @
DR gauge-Higgs model has been a partial success, in that in goingfre® 3620027 tak = 0.1
the strength of the binding between quarks weakens significantly.

However, in neither case is there evidence for significant departuig ¢do) and(qg) from
the behaviour predicted yPT, so that even if quarks are important degrees of freedam=ad. 1,
there is no evidence for the formation of a degenerate system signalldgi $5a8ng.

Sadly though, it appears to remain the case that despite its “unreasorfabter&fiess” in
virtually all other aspects of lattice QCD, the quenched approximation hamgatkeful to tell us
about the physics of high quark density.
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