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1. Introduction and Lattice Setup

Thecalculationof QCDthermodynamics from first principle is important for variousresearch
areas suchasHeavy Ion Phenomenology, Cosmology andAstrophysics. LatticeQCD enablesus
to carry out such calculations. Especially for HIC phenomenology it is mandatory to improve
estimateson somebasicthermodynamicquantities which have beenobtained in previouslattice
calculations. Oneof the main subjects in our project is the accuratedeterminationof the criti-
cal temperatureTc, whoseuncertainty, for example, strongly affectsthecritical energydensity εc

becauseof its Tc dependence,εc � T 4
c .

Sincethermodynamicsof lattice QCD requireshuge computational resources,it is difficult
to perform anidealsimulation. Recentstudies tell usthatquark massesandthenumber of flavors
strongly affectthermodynamic quantities[1]. Reliablecontinuumextrapolationsareof tremendous
importanceaswell [2]. Therefore, it is our aim to studyQCD thermodynamicswith almost real-
istic quarkmasses on theQCDOCmachine at BrookhavenNational Laboratory andtheAPEnext
machine at Bielefeld University. The calculation is performedwith N f 	 2 
 1, which means2
degeneratelight quarks andoneheavier quark on latticeswith Nt 	 4 and6. The lightestquark
massesof oursimulation yieldsapion massof about 150MeV andakaon massof about 500MeV.

For such calculationsweadopt thep4fat3quarkaction, which is animprovedStaggeredquark
action [3], with a tree-level improvedSymanzikgauge action. By using thep4fat3 action, thefree
quark dispersionrelation hasthecontinuumform up to O � p4 � , andthetaste symmetrybreaking is
suppressedby a 3-link fattening term. Theactionalsoimprovesbulk thermodynamical quantities
in thehigh temperaturelimit [3]. Theimprovementsareessential to control thecontinuumextrap-
olation on rather coarselattices,i.e. Nt 	 4 and6. Thegaugeensemblesaregeneratedby anexact
RHMC algorithm [4].

As astatusreport of theproject, in thisproceeding, wepresentseveral thermodynamicquanti-
ties, whichareorderparametersandtheir susceptibilities, thestaticquarkpotential, andthespatial
string tension. In the last section we discuss the critical temperature at the physical point. The
detailsof thecritical temperaturecalculation aregivenin our recent paper[5].

2. Order Parameters and Susceptibilities

To investigatetheQCD critical temperatureandphasediagram,orderparametersof theQCD
transition areindispensable. In thechiral limit thechiral condensate 
 ψ̄ψ � is theorder parameter
for thespontaneouschiral symmetrybreakingof QCD.On theother handin theheavy quarklimit
thePolyakov loop 
 L � is theorderparameterof thedeconfinementphasetransition. For finite quark
masses, these observables remaingoodindicatorsfor the (pseudo)critical point. Especially their
susceptibilitiesareuseful to determine thecritical coupling βc in numerical simulations.

Figure1 shows thesusceptibilitiesof thelight quarkchiral condensate1 on83 � 4 and163 � 4
latticeswith variousquarkmasses.Thepeakpositionsof thesusceptibilitiesdefinethepoint of the
mostdrastic changeof each order parameter, i.e. the(pseudo)critical point of theQCD transition.
Theresultsareinterpolatedin thecoupling β by usingthemulti-histogram re-weightingtechnique
[6].

1Wealwaysuseherethedisconnedtedpartof thechiral susceptibility.
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Figure 1: Thesusceptibilityof thelight quark chiral condensateon 83 � 4 and163 � 4 lattices.Eachpanels
correspond to resultswith m̂l

�
m̂s � 0� 05� 0� 1� 0� 2 and0� 4 respectively. Thelinesarecalculatedby themulti-

histogramre-weighting technique.
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Figure 2: The differenceof gauge couplings at the locationof peaksin the Polyakov loop andthe chiral
susceptibilities,βL � βl.

Thestrengthof the transition decreaseswith increasingquarkmasses,this is reflected in the
decreasing peakheight of thechiral susceptibilities. We calculatethesesusceptibilities on lattices
with aspect ratios of Ns � Nt 	 2 and4. Sincewe seea rather smallvolumedependence theresults
suggestthat the transition is in fact not a true phasetransition in the thermodynamicsense but a
rapid crossover.

Figure2 (left) shows thedifferencein thepeakposition of thechiral andPolyakov loop sus-
ceptibilit ies.Thedifferencesaresmallandalmostidentical at theaspectratioof Ns � Nt 	 4, which
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Figure 3: Heavy quarkpotentialsscaledby r0 for variouscut-offs andquark masses(left) andaglobalfit of
r0

�
a with theRG inspiredansatzEq.(3.3)(right).

indicatesthechiral anddeconfinementphase transition occurat almostthesametemperature. The
discrepancy betweenthepeak positionsshrinkswith increasingvolume.

3. Scale Setting and the Heavy Quark Potential

The lattice scale is determined by the heavy quark potential V � r � which is extracted from
Wilson loops. The Wilson loop expectation valuesarecalculated on 163 � 32 latticeswith APE
smearing in spatial direction. Thespatial pathin a loop is determinedby theBresenhamalgorithm
[8]. We calculate thestring tension, σ andSommerscaler0, which is defined[7] asthedistance
wherethe corresponding force of the staticquark potential matches a certain valuesuggestedby
phenomenology: r2 ∂V

∂ r � r � r0 	 1� 65. To remove short range lattice artifactswe usethe improved
distance,rimp, which is definedas

1
4πrimp

 d3k
� 2π � 3

eikr

4∑i � sin2 ki
2
� 
 1

3 sin4 ki
2

� (3.1)

In our latticesetup, wefind almost nomassandcutoff dependencein thepotential scaledby r0

at Nτ 	 4 and6 (Fig.2(left)). As discussedin previousstudies [9], we alsofind no stringbreaking
effects even at large r. To estimatesystematic uncertainties of the potential fit, we performed
several typesof fits, e.g.differentfit-ranges in r andfit-forms (3 & 4 params.fits),

V � r � 	 C 
 α
rimp


 σrimp ! V � r � 	 C 
 α
r


 σr 
 d � α
rimp "

α
r
� � (3.2)

Thedifferencesin themeanvaluesof thefits aretaken into account asa systematicuncertainty of
thescalesetting.

We have determinedthe scale parameterr0 in units of the lattice spacing for 9 different pa-
rameter sets.This allows to interpolate betweendifferentvaluesof thegaugecoupling andquark
masses. We usea renormalization group inspiredansatz [10] which takesinto account thequark
massdependenceof r0 � a [11] andwhich approaches, in the weakcoupling limit, the 2-loop β -
function for threemasslessflavors,

� r0 � a �$# 1 	 R � β � � 1 
 Bâ2 � β � 
 Câ4 � β �%� eA & 2m̂l ' m̂s ( ' D � (3.3)
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Figure 4: Temperaturedependenceof thespatialstringtensionfor N f � 0 andN f � 2
�

1. Bothdottedlines
arefits with Eq. (4.1). Note,thatthescaleon thehorizontalaxisis logarithmic.

HereR � β � denotesthe2-loopβ -function andâ � β � 	 R � β � � R � β̄ � with β̄ 	 3� 4 chosenasanarbi-
trary normalizationpoint.

4. Spatial String Tension

Let us now discussthe calculation of the spatial string tension which is important to verify
the theoretical concept of dimensional reduction at high temperatures. The spatial string tension
is extractedfrom thespatial static quark“potential” (from spatial Wilson loops). Weusethesame
analysis techniqueasfor theusual (temporal) static quark potential.

At high temperature,thespatial string tension σs � T � is expectedto behave like

σs � T � 	 cg2 � T � T � (4.1)

Hereg2 � T � is thetemperaturedependentcoupling constantfrom the2-loopRG equation,

g # 2 � T � 	 2b0 ln
T

Λσ

 b1

b0
ln 2ln

T
Λσ

� (4.2)

If dimensionalreduction works,theparameter“c” should beequal to the3-dimensional string ten-
sion andshould beflavor independent.

Our 2+1 flavor result yields c 	 0� 587� 41� and Λσ � Tc 	 0� 114� 27� , obtainedby a fit with
Eq.(4.1). On the other hand, we plot in Fig. 4 also the quenchedresult [12] which gives c 	
0� 566� 13� andΛσ � Tc 	 0� 104� 9� . We thusfind that theparameter“c” is – within statisticalerrors
– independent onthenumberof dynamicalflavorsandthatdimensional reductionworkswell even
for T 	 2Tc. Thisanalysiscanandwill berefinedin thefutureby taking into accounthigherorder
correctionsto Eq.(4.1)[13].
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Figure 5: Tcr0 (left) andTc
�*)

σ (right) asa function of mpsr0 on latticeswith temporal extent Nτ � 4,
m̂s � 0� 065 (squares)andm̂s � 0� 1 (triangles)aswell asfor Nτ � 6, m̂s � 0� 04 (circles). Thin error bars
representthestatisticalandsystematicerroron r0

�
a and

)
σa. Thebroaderrorbarcombinesthiserrorwith

the error on βc. Thevertical line shows the locationof the physical valuempsr0 � 0� 321+ 5 , andits width
representstheerroron r0. Thethreeparallellinesshow resultsof fits basedon Eq. (5.1) with d � 1� 08 for
Nτ � 4� 6 andNτ - ∞ (top to bottom).

5. The transition temperature

Finally I discussthetransition temperature in QCD, which is oneof themostimportantsub-
jects in our project. In sect.2we have determined thecritical β at eachNτ andfor several quark
masses. At thesecouplingswe performedzerotemperaturecalculations of thestatic quark poten-
tial. Thescalesettingsat eachcritical β provideeachvaluesfor thecritical temperature. We thus
canextrapolateTc to thechiral limit aswell asto thephysical point by using a scaling ansatz. In
thezerotemperaturecalculationstheactual β is sometimesslightly different from our final result
on thecritical β . Thedifferencesarecorrectedby usingEq.3.3.Furthermorea systematicerror in
thecriticalβ , e.g.βL " βl at Nτ 	 6 in Fig.2,is alsotakeninto account in thecritical temperature.

In Fig. 5 we plot the critical temperature in unit of the Sommerscale(left) and the string
tension (right) asfunction of the pion massmPS (also in units of the Sommerscale). Thin error
bars representthestatistical andsystematic erroron r0 � a and . σa. Thebroaderror barcombines
this errorwith theerroron βc. We perform a combinedchiral andcontinuum extrapolation of Tc

by using theansatz, e.g. in unit of theSommerscale,

Tcr0 	 Tcr0
chiral
cont 
 A � mπr0

� d 
 B � N2
τ ! (5.1)

whereA andB arefree fit parameters. If the QCD transition is second order in the chiral limit
the transition temperatureis expectedto depend on thequarkmassasm̂1/ βδ

l
, which corresponds

to d 0 1� 08 in Eq. 5.1, by the fact that oneexpects a critical point in the chiral limit which is in
theO � 4� -universality class. If, on theotherhand,thetransitionbecomesfirst order for smallquark
masses, thetransition temperaturewill dependlinearly on thequarkmass,i.e. d 	 2. Usingthefit
form ansatz 5.1wecandeterminethetransition temperatureat thephysical point, which is defined
asmpsr0

 0� 321� 5� ,
Tcr0 	 0� 457� 7� ' 12# 3 ! Tc � . σ 	 0� 408� 8� ' 3# 1 ! (5.2)
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wherethe central value is given for fits with d 	 1� 08 andthe lower andupper systematic error
correspond to d 	 1 andd 	 2, respectively.

In order to convertTc to physical units,weusethescaleparameter, r0 	 0� 469� 7� fm, deduced
from the bottomoniumlevel splitting using NRQCD [14]. Finally we obtain the transition tem-
peraturein QCD at the physical point, Tc 	 192� 7� � 4� MeV, wherethe statistical error includes
the errors given in Eq. 5.2 aswell as the uncertainty in the valueof r0 andthe second error re-
flects our estimate of a remaining systematicerror on the extrapolation to the continuum limit.
Thevalueof thecritical temperatureobtainedhereis about10%larger thanthefrequently quoted
value � 175MeV. We notethat this larger valuemainly results from thevaluefor r0 usedin our
conversion to physical scales.

Theanalysispresentedhereleadsto avaluefor thecritical temperaturewith about 5%statisti-
calandsystematicerrors. It clearly is desirableto confirmourestimateof theremaining systematic
errors through an additional calculation on an even finer lattice. Furthermore, it is desirable to
verify this result throughcalculations usingother T 	 0 scales andto explore otherdiscretization
schemesfor thefermionsector of QCD andto alsoobtain a reliable independent scalesetting for
thetransition temperaturefrom anobservablenot related to propertiesof thestaticquark potential.

Acknowledgments

Thesimulation hasbeen done on QCDOC at BrookhavenNational Laboratory andAPEnext
atBielefeldUniversity. Thiswork hasbeensupportedby thetheU.S. Department of Energy under
contractDE-AC02-98CH1-886.

References

[1] F. Karsch,E. Laermann andA. Peikert,Nucl. Phys.B 605, 579(2001).

[2] A. Ali Khanet al. [CP-PACScollaboration],Phys.Rev. D 64, 074510(2001).

[3] U. M. Heller, F. KarschandB. Sturm,Phys.Rev. D 60, 114502(1999).

[4] M. A. Clark,A. D. KennedyandZ. Sroczynski,Nucl. Phys.Proc.Suppl. 140, 835(2005).

[5] M. Chenget al., Phys.Rev. D 74, 054507 (2006), [arXiv:hep-lat/0608013].

[6] A. M. Ferrenberg andR. H. Swendsen,Phys.Rev. Lett. 61 (1988) 2635.

[7] M. Guagnelli,R. SommerandH. Wittig [ALPHA collaboration],Nucl. Phys.B 535, 389(1998).

[8] B. Bolderet al., Phys.Rev. D 63, 074504(2001).

[9] S.Aoki et al. [CP-PACSCollaboration],Phys.Rev. D 60, 114508(1999).

[10] C. Allton, Nucl. Phys.B [Proc.Suppl.] 53, 867(1997).

[11] C. Bernardet al. [MILC Collaboration],Phys.Rev. D 71, 034504 (2005).

[12] G. Boyd et al.,Nucl. Phys.B 469, 419(1996).

[13] Y. SchroderandM. Laine,PoSLAT2005, 180(2006)

[14] A. Grayet al.,Phys.Rev. D 72, 094507(2005)

7


