
j
h
w
2
0
0
3

27th Johns Hopkins Workshop on Current Problems in Particle Theory:
Symmetries and Mysteries of M Theory

PROCEEDINGS

From brane dynamics to a Kac-Moody invariant

formulation of M-theories

François Englert∗a and Laurent Houart†b
aService de Physique Théorique
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Abstract: Theories of gravity coupled to forms and dilatons may admit as solutions zero

binding energy configurations of intersecting closed extremal branes. In such configura-

tions, some branes may open on host closed branes. Properties of extremal branes reveal

symmetries of the underlying theory which are well known in M-theory but transcend

supersymmetry. From these properties it is possible to reconstruct all actions, comprising

in particular pure gravity in D dimensions, the bosonic effective actions of M-theory and

of the bosonic string, which upon dimensional reduction to three dimensions are invari-

ant under the maximally non-compact simple simply laced Lie groups G. Moreover the
features of extremal branes suggest the existence of a much larger symmetry, namely the

‘very-extended’ Kac-Moody algebras G+++. This motivates the construction of explicit
non-linear realisations of all simple G+++, which hopefully contain new degrees of freedom
such as those encountered in string theories. They are defined without a priori reference

to space-time and are proposed as substitutes for original field theoretic models of gravity,

forms and dilatons. From the G+++-invariant theories, all algebraic properties of extremal
branes are recovered from exact solutions, and there are indications that space-time is

hidden in the infinite symmetry structure. The transformation properties of the exact

solutions, which possibly induce new solutions foreign to conventional theories, put into

evidence the general group-theoretical origin of ‘dualities’ for all G+++. These dualities
apparently do not require an underlying string theory.
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1. Introduction and conclusion

Theories of gravity coupled to forms and dilatons may admit as solutions zero binding

energy configurations of intersecting closed extremal branes [1]. In such configurations,

some branes may open on host closed branes [2, 3, 4]. Properties of extremal branes reveal

symmetries of the underlying theory, which are well known in M-theory but transcend

supersymmetry. From these properties it is possible to reconstruct all actions, comprising

in particular pure gravity in D dimensions, the bosonic effective actions of M-theory and

of the bosonic string, which upon dimensional reduction to three dimensions are invariant

under the maximally non-compact simple simply laced Lie groups G [5]. Moreover the
features of extremal branes suggest the existence of a much larger symmetry, namely the

‘very-extended’ Kac-Moody algebras G+++. Such symmetries were first conjectured in
the above mentioned particular cases [6, 7], explicit representations of their Weyl group

for Kasner-type solutions were obtained for all simple G+++ [8] and their relation to the
cosmological billiards [9, 10, 11] was brought to light.

These facts motivate the construction of explicit non-linear realisations of all simple

G+++ on cosets obtained from a modified Chevalley involution [12]. The G+++-invariant
actions are proposed as substitutes for the original field theoretic models of gravity, forms

and dilatons, and hopefully contain new degrees of freedom such as those encountered

in string theories. The actions are defined on a world-line a priori unrelated to space-

time. The latter should then be deduced dynamically. Such an approach to gravity and

forms, if successful, would dispose of the need of explicit diffeomorphism invariance or gauge

invariance. All such information should be hidden in the global G+++ invariance. Although
it may seem that global symmetries cannot contain local symmetries, in particular in view

of the celebrated Elitzur theorem [13], it need not be the case in view of the infinite number

of generators of G+++. We formulate the G+++ invariant theory recursively from a level
decomposition [14, 15, 16] with respect to a subalgebra AD−1 where D turns out to be
the space-time dimension. Our formulation is exploratory and does not pretend to be a

final one. No attempt is made to cope with fermionic degrees of freedom and we limit here

our investigation to the classical domain. From the G+++-invariant theories, all algebraic
properties of extremal branes are recovered from exact solutions, and there are indications

that space-time is hidden in the infinite level structure. The transformation properties of

the exact solutions, which also generate Kaluza-Klein waves and KK-monopoles (Taub-

NUT spaces) and possibly solutions foreign to conventional theories, put into evidence the

general group-theoretical origin of ‘dualities’ for all G+++. These dualities apparently do
not require an underlying string theory.

In Sections 2 and 3, we review the properties of intersecting extremal branes and of

their opening, which are used in Section 4 to reconstruct dynamically the simple simply

laced Lie algebras G and provide motivation for considering the very-extended Kac-Moody
algebras G+++. The non-linear realisations of G+++ are presented in Section 5. Extremal
branes and their duality properties are revisited in this new framework in Section 6.
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2. Intersection rules for extremal branes

We begin with a generic theory in D dimensions which includes gravity, one dilaton and

M field strengths of arbitrary form degree pI with pI ≤ D/2 and arbitrary couplings to
the dilaton aI . The action is

S =
1

16πG
(D)
N

∫
dDx
√−g

(
R− 1

2
(∂φ)2 −

∑
I

1

2pI !
eaIφF 2pI

)
, I = 1 . . .M , (2.1)

where we have not included possible Chern-Simons terms. It can be shown that they have

no effect on the zero binding energy solutions considered here although such terms will be

important in the following sections.

The ‘BPS’ zero binding energy configurations of closed extremal branes intersecting

orthogonally are obtained by first specialising to metrics of the following diagonal form,

ds2 = −e2p(1)dτ2 +
D−p∑
µ=2

e2p
(µ)
(dxµ)2 +

p∑
λ=1

e2p
(D−p+λ)

(dyλ)2 , (2.2)

where yλ label p compact coordinates. The functions p(α) (α = 1, 2, . . . D) depend only on

the transverse coordinates xµ in the non-compact dimensions and allow for multi-centre

solutions. We choose p so that all branes are wrapped in the compact dimensions and that

no compact dimension is transverse to all branes. Thus for each brane p ≥ qA where qA
is the dimension of the brane. If qA < p, we take a lattice of qA-branes in the compact

directions transverse to the brane and average over them. Here qA designates either an

electrically charged qeA-brane with respect to a pI -form field strength FpI , or its dual q
m
A -

magnetic brane. For N intersecting branes, we write

p(α) =
N∑
A=1

p
(α)
A and φ =

N∑
A=1

φA (2.3)

with

(p+ 3−D) p(µ)A = p(1)A +
p∑
λ=1

p
(D−p+λ)
A µ = 2, . . . ,D − p . (2.4)

Eq.(2.4) may be interpreted as the extremality condition of the component branes [17].

For electric and magnetic brane potentials, we take

Electric : Aτλ1...λqe
A
= ετλ1...λqe

A
EeA({xν}) , (2.5)

Magnetic : Ãτλ1...λqm
A
= ετλ1...λqm

A
EmA ({xν}) , (2.6)

where Ã is the (magnetic) potential of the dual field strength F̃ defined by

√−geaIφFµ1...µpI = 1

(D − pI)!ε
µ1...µpI ν1...νD−pI F̃ν1...νD−pI . (2.7)
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Using these ansätze, the Einstein equations and the equations for the dilaton and the

forms yield

p
(1)
A = −

D − qA − 3
∆

lnHA ,

p
(µ)
A =

qA + 1

∆
lnHA ,

p
(D−p+λ)
A =

δ
(λ)
A

∆
lnHA ,

φA =
D − 2
∆
εA a lnHA , (2.8)

where HA({xν}) is a harmonic function related to the EA by HA =
√
2(D − 2)/∆E−1A and

∆ = (qA + 1)(D − qA − 3) + 1
2
a2A(D − 2) . (2.9)

In Eq.(2.8) δ
(λ)
A = −(D−qA−3) or (qA+1) depending on wether yλ is parallel or perpendic-

ular to the qA-brane. The factor εA is +1 for an electric brane and −1 for a magnetic one.
The harmonic functions HA({xν}) allow for parallel branes and are given (for D − p > 3)
by

HA = 1 +
∑
k

Qk
|xµ − xµk |D−p−3

, (2.10)

where the xµk label the positions in non-compact space-time of the branes with charge Qk.

For N > 1, Eqs.(2.8) are restricted by algebraic conditions stemming from the equation
for the non diagonal components of the curvature tensor. These are, for each pair (A,B)

of distinct q-branes of dimensions (qA, qB), the number of dimensions q̄ (−1 ≤ q̄ ≤ qA, qB)
on which they intersect0 in terms of the total number of space-time dimensions D and of

the field strength couplings to the dilaton. These intersection rules read [17]

q̄ + 1 =
(qA + 1)(qB + 1)

D − 2 − 1
2
εAaAεBaB . (2.11)

Note that such zero energy binding configurations were originally considered in the

context of M-theory ‘phases’ but may arise classically without supersymmetry.

3. The opening of branes

We now analyse the breaking of closed extremal branes into open branes terminating on

closed ones. We consider the above BPS configurations in the special case when q̄ has the

same dimension as the potential boundary of one of the two constituent branes, i.e qA − 1
or qB − 1, and study its possible opening. Such opening requires the addition of Chern-
Simons terms to the action Eq.(2.1) and may enlarge the brane content of the theory. We

shall see in Section 4 that, under some conditions, such openings fully determine the theory

0q̄ must be integer and the case q̄ = −1 is relevant. It can be interpreted in terms of instantons in the
Euclidean, in which case the time coordinate need not be longitudinal to all branes.
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and relate brane dynamics to the existence of a symmetry. The presentation given in this

section is a generalisation of the one performed in the context of M-theory [2, 3, 4].

Let us review how extended objects carrying a conserved charge can be opened. The

main obstacle towards opening of branes is charge conservation. Generically, the charge

density of a q-brane is measured by performing an integral of the relevant field strength on

a (D − q − 2)-dimensional sphere SD−q−2 surrounding the brane in its transverse space,

Qq ∝
∫
SD−q−2

∗Fq+2 . (3.1)

If the brane is open, we can slide the SD−q−2 off a loose end and shrink it to zero size.
This would imply the vanishing of the charge and hence a violation of charge conservation.

This conclusion is avoided if, in the above process, the SD−q−2 necessarily goes through a
region in which the equation

d ∗ Fq+2 = 0 (3.2)

no longer holds. This is the case when the open brane ends on some other one.

In the framework of M-theory the source terms needed in Eq.(3.2) to ensure charge

conservation for the open branes originate from two requirements whose interplay leads to

a consistent picture. On the one hand there are space-time Chern-Simons type terms in

supergravity which allow for charge conservation for well defined pairing of open and ‘host’

branes [3]. On the other hand the world-volume effective actions [2] for the branes of M-

theory relate world-volume fields and pullbacks of space-time fields, and gauge invariance

[18] for open branes ending on the ‘host’ brane implies that the end of the open branes

acts as a source for the world-volume field living on the closed ‘host’ brane.

In reference [4] a systematic study in M-theory of all the zero binding energy config-

urations Eq.(2.11) corresponding to q̄ = qA − 1 (with qA ≤ qB) was performed. It was
shown that in all cases it was possible to open the qA-brane along its intersection with the

qB-brane. The crucial ingredient was the presence of the appropriate Chern-Simons terms

in the supergravity Lagrangians for each case.

Here we propose to reverse the logic. Starting with a Lagrangian of type Eq.(2.1) and

having zero binding energy configurations between branes we will ask that, if q̄ = qA − 1,
the corresponding qA-brane open on the qB-brane. This will determine the form of the

Chern-Simons terms one has to add to Eq.(2.1) and will also in some cases require the

introduction of new field strength forms FnI . One then proceeds iteratively.

We illustrate the role of the Chern-Simons term (see also [3, 4]) by taking as example

a theory with only one n-form Fqe+2 and dilaton coupling in Eq.(2.1) such that the inter-

section rule between the electric qe-brane and the magnetic qm-brane (qm = D− qe− 4) is
q̄ = qe − 1.
We modify the Eq.(3.2) for Fqe+2 in order to be able to allow the opening of q

e on qm

by the addition to the action Eq.(2.1) of the Chern-Simons term∫
Aqe+1 ∧ Fqe+2 ∧ FD−2qe−3 , (3.3)
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and of a standard kinetic energy term for the new1 field strength FD−2qe−3. Its dilaton
coupling is chosen such that the intersection rules Eq.(2.11) give integer intersection di-

mension between the new extremal electric (D − 2qe − 5)-brane and its dual magnetic
(2qe + 1)-brane. Charge conservation now reads

d ∗ Fqe+2 = Fqe+2 ∧ FD−2qe−3 +QeδD−qe−1 . (3.4)

Here wedge products are defined up to signs and numerical factors. In the r.h.s. of Eq.(3.4)

the first term comes from the variation of the Chern-Simons term and the second one is the

qe-brane charge density. δD−qe−1 is the Dirac delta function in the directions transverse to
the qe-brane. We introduce here an explicit source term for the electric brane since, to study

its opening, we want to extend to the branes themselves the validity of the usual closed

brane solution . Such term is required because the equations of motion from which the

intersecting brane solutions were derived do not contain any source term and are therefore

valid only outside the sources.

It is straightforward to show that Eq.(3.4) renders opening consistent with charge

conservation and that new branes arising from FD−2qe−3 have to be added. From Eqs.(3.3)
and (3.4), the addition of such branes can be determined in a picturesque way. Namely,

when a brane opens on a closed ‘host’ brane, the boundary appears from the world-volume

point of view as a charged object under a world-volume field strength living in the closed

brane. The world-volume Hodge dual of this object is the boundary of an other brane

which can also be consistently opened on the same closed ‘host’ brane. The field strength

associated to this new brane is precisely the one appearing in the Chern-Simons ensuring

the consistency of the opening of the brane we started with.

In brief, having a theory of type Eq.(2.1) in which some zero binding energy configura-

tions give potential boundaries, it is possible to complete it in a well-defined way by adding

Chern-Simons terms2, and when necessary new form field strengths (hence new branes) in

order to ensure consistency of brane opening with charge conservation. In section 4, such

dynamical requirement will be at work to reconstruct purely from brane considerations

theories whose dimensional reduction is characterised by a coset symmetry.

4. From brane dynamics to G and G+++

4.1 Intersection rules and dimensional reduction

We perform the dimensional reduction to three dimensions of a generic theory described

by an action Eq.(2.1), possibly with the addition of Chern-Simons terms and discuss the

possible emergence of a coset symmetry. We relate the onset of such symmetry to the inter-

section rules for BPS configurations between the extremal branes of the theory considered.

1If D = 3qe + 5 there is no need to introduce a new field strength as the Chern-Simons terms can be

build with the field strength Fqe+2.
2The coefficients of the Chern-Simons terms Eq.(3.3) are not fixed in this qualitative discussion. Their

precise values are important when one will discuss the potential symmetries. In the framework of M-theory

they are usually fixed by supersymmetry. Nevertheless it is possible to fix them or at least quantise them

generically using only consistency arguments without appealing to supersymmetry, see for instance [19, 20].
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Starting with the theory defined in D dimensions, we compactify to D− 1 dimensions
while remaining in the Einstein frame with the standard 1/2 kinetic term normalisation

for the new scalar. We use the notation φ2 for the scalar appearing in the first step of the

dimensional reduction and rename φ1 the dilaton φ already present in the uncompactified

theory defined by Eq.(2.1). The compactified coordinate is xD−1, the uncompactified
coordinates are xµ where µ = 0 . . . D − 2, and

βD =

√
1

2(D − 1)(D − 2) . (4.1)

The gravitation part of the action Eq.(2.1) becomes∫
dDx
√−gD RD =

∫
dD−1x

√−gD−1 (RD−1 − 1
2
∂µφ2∂

µφ2

− 1
4
e−2(D−2)βD−1φ2 FµνFµν ) . (4.2)

where Fµν = ∂µAν − ∂νAµ.
For each nI-form field strength FnI in Eq.(2.1) we get after reduction∫
dDx
√−gD 1

2nI !
eaIφ1F 2nI =

∫
dD−1x

√−gD−1 ( 1
2nI !

eaIφ1−2(nI−1)βD−1φ2 F ′2nI

+
1

2(nI − 1)! e
aIφ1+2(D−1−nI )βD−1φ2 F 2nI−1 ) , (4.3)

where

F ′µ1...µn = Fµ1...µn − nF[µ1...µn−1Aµn] . (4.4)

We can repeat this procedure step by step to obtain the theory on a p-torus. One has

then obviously p scalars φj with j = 2 . . . p+1 parametrising the radii of the torus, coming

from the diagonal components of the metric in the compact dimensions. Additional scalars

denoted χ~α arise from several origins. They come from potentials A
k
µ which arise when

reducing gravity from D + 1 − k to D − k and also from the potentials associated to the
FnI (when p ≥ nI − 1) with indices in the compact dimensions. In addition the n-form
field strengths give additional scalars when p = D−n− 1 by dualising them. In particular
when we reach D = 3 the F kµν (with k = 1 . . . D − 3) coming from the gravity part of the
action (i.e. the graviphotons) can be dualised to scalars, and we are left with only scalars.

The action takes then the form

S =

∫
d3x
√−g3

(
R3 − 1

2
∂µ~φ · ∂µ~φ− 1

2

∑
~α

e
√
2~α·~φ∂µχ~α∂µχ~α + . . .

)
, (4.5)

where ~φ = (φD−2, ..., φ1), the ~α are constant (D − 2)-vectors3 characterising each χ~α. If
we start in D dimensions without dilaton the vectors are of course (D − 3)-dimensional
as φ1 is absent in that case. The ellipsis in Eq.(4.5) stands for terms of order higher

3The normalisation factor
√
2 has been chosen for convenience. It will eventually correspond in the

simply laced case to the standard normalisation of the roots, namely ~α · ~α = 2.
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than quadratic in the χ~α scalars. They come from the modification of the field strengths

Eq.(4.4) in the dimensional reduction process and also from possible Chern-Simons terms

in the uncompactified theory.

The action Eq.(2.1) dimensionally reduced to three dimensions has a G/H symmetry if
the vectors ~α obtained from the compactification can be identified with the positive roots

of a group G and if, when necessary, some precise Chern-Simons terms are added in the
uncompactified theory [21]. The requirement that the ~α correspond to positive roots is

thus a necessary condition to uncover a symmetry [7].

Recall first the well-known dimensional reduction of pure gravity (see Eq.(4.2)) down

to three dimensions, which leads to G = SL(D − 2) whose algebra is AD−3. The scalars
corresponding to the simple roots of AD−3 are of two kinds.
There are first D − 4 scalars which are the components AkD−k−1 of the potentials

coming from gD−k,D−k−1, k = 1 . . . D− 4. These are obtained by performing the “fastest”
reduction on the potentials Akµ (see Eq.(4.2)) to obtain a scalar going fromD−k toD−k−1
when compactifying on T k+1. The corresponding simple roots ~αgk are given by

~αgk =
√
2( 0, . . . , 0︸ ︷︷ ︸
D−4−k terms

, (D − k − 3)βD−k−1,−(D − k − 1)βD−k, 0, . . . , 0︸ ︷︷ ︸
k−1 terms

; 0) ,

k = 1 . . . D − 4 . (4.6)

They define a subalgebra AD−4. We have indeed

~αgk · ~αgl =

2

−1
0

k = l

|k − l| = 1
|k − l| ≥ 2

(4.7)

Reading from right to left, the first component of ~αgk associated to the dilaton φ in the

original uncompactified theory Eq.(2.1) is always zero. The corresponding Dynkin diagram

with D − 4 nodes, which from now on we will refer to as the gravity line, is depicted in
Fig.1.

12kD - 4

T2TD - 3 Tk+1 T3

Fig.1. The gravity line.

Dynkin diagram of AD−4 generated by the dimensional reduction to 3 dimensions.

The remaining scalar corresponding to the missing simple root leading to the full AD−3
comes from dualising in three dimensions the first vector (graviphoton) that arises in the

stepwise procedure namely the vector appearing already in D − 1 dimensions. The corre-
sponding simple root is

~αgp =
√
2(β3, . . . , βD−3, βD−2, (D − 2)βD−1; 0) . (4.8)

– 8 –
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Note that this simple root ~αgp has a non-vanishing scalar product with ~αg1 (i.e with the

simple root already appearing when compactifying on T 2). One has indeed ~αgk ·~αgp = −δk,1.
Consequently it attaches itself to the right of the gravity line. The other 12(D − 4)(D − 3)
scalars coming from the reduction of gravity down to three dimensions give all the positive

roots of AD−3.
We now turn to theories with forms given by Eq.(2.1) and consider a nA-form FnA

with dilaton coupling aA (and nA ≤ D/2). Let us consider the first scalar arising from the
nA-form upon dimensional reduction up to p = nA − 1. The vector ~αenA associated to this
scalar4 will from now on be called the would-be electric root. It is given by

~αenA = ( 0, . . . , 0︸ ︷︷ ︸
D−nA−2 terms

, b(nA,D) βD−nA+1, . . . , b(nA,D) βD−2, b(nA,D) βD−1︸ ︷︷ ︸
nA−1 terms

;
aA√
2
) , (4.9)

with

b(nA,D) =
√
2 (D − nA − 1) . (4.10)

First, we compute the scalar product of the would-be electric root with the gravity line5.

Using Eq.(4.6) and Eq.(4.9) we find, for any D and dilaton coupling aA,

~αgk · ~αenA = −δk,nA−1 . (4.11)

12

T2Tn T3

k= n-1

Fig.2. Would-be Dynkin diagram.

The would-be electric root associated to Fn is represented by a shaded square.

Using the scalar product Eq.(4.11) of the would-be electric root with the gravity line, we

can draw a would-be Dynkin diagram where the would-be electric root associated to FnA
is connected to the (nA − 1)th node of the gravity line as depicted in Fig.2.
We then evaluate the length of the would-be electric root using Eq.(4.9). We find

~αenA · ~αenA =
(nA − 1)(D − nA − 1)

(D − 2) +
a2A
2
,

=
(qeA + 1)(q

m
A + 1)

(D − 2) +
a2A
2
, (4.12)

= q̄(eA,mA) + 1 .

4The other scalars obtained by further dimensional reduction give ~α-vectors that are linear combinations

with positive integer coefficients of ~αenA and of the ~α
g
k.

5The scalar product of the would-be electric root with the graviphoton is one for any D and aA. This

implies that when forms are present in a theory with symmetry, the graviphoton is never a simple root.

Consequently we focus on the gravity line.
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We thus see that the square length of the would-be electric root associated to FnA can be

written in terms of the intersection rule equation Eq.(2.11) giving the intersection between

the electric and the magnetic brane charged under FnA .

From now on we will restrict ourselves to simply laced groups. In our normalisation all

their roots are of square length two. In order for the would-be root to be a root, one must

have ~αenA · ~αenA = 2. Consequently the existence of a BPS configuration in the original
theory, consisting of an electric extremal p-brane (p ≥ 1) and its magnetic dual whose
intersection is q̄(eA,mA) = 1, is a necessary condition to have after dimensional reduction

an enhanced simply laced Lie group symmetry.

4.2 Dynamical reconstruction of Lie groups

Our starting point is a theory given by Eq.(2.1) in D dimensions with only one nA-form

field strength FnA and its dilaton coupling aA. We will fix the dilaton coupling such that

there exists a zero-binding energy configuration between the electric qeA-brane (q
e
A = nA−2)

and the magnetic qmA -brane with q̄
(eA,mA) = 1. As explained in the previous section this is a

necessary condition in order to find a new symmetry. Once the dilaton coupling of the form

is fixed, we require that, when the dimensionality of an intersection permits opening, the

latter is consistent with charge conservation. Namely we impose that, if q̄(eA,mA) = qeA− 1,
the electric brane open on the magnetic brane. As explained in Section 3, this requires

the introduction of a specific Chern-Simons term in the action, which may contain a new

form field strength FnB . The dilaton coupling aB of the new form field strength is then

again fixed modulo its sign by the necessary condition q̄(eB ,mB) = 1. The intersection rules

between the extremal branes corresponding to the different forms can be calculated and

this fixes the relative signs of the dilaton couplings. We can then check if new openings

are possible. If it is the case, we iterate the procedure until consistency of all the openings

are ensured. In this way, we are able to reconstruct all the maximally oxidised theories

corresponding to the simply laced groups G [5], that is all actions Eq.(2.1) which lead upon
dimensional reduction to such group G and which are not dimensional reduction from an
action in higher dimension [22]. This leads to the following conclusion: The existence

of BPS configurations with q̄ = 1 between any electric extremal p-brane (p ≥ 1) and its
magnetic dual, along with the requirement of consistency of brane opening in the original

uncompactified theory (characterised by at most one dilaton), is a necessary and sufficient

condition to have a theory whose dimensional reduction down to three dimensions has a

simple simply laced group G symmetry.
Using Eq.(4.12) the condition q̄(eB,mB) = 1 yields up to a sign the dilaton coupling

a2n(D) = 2
(1 − q)D + (q2 + 4q − 1)

D − 2 . (4.13)

with

a2n ≥ 0 . (4.14)

The procedure outlined above gives the following relations between q,D, the Chern-Simons

terms, and the Lie group symmetry of the theory reduced to three dimensions exhibited in

Table I
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q D a2q+2 Openings C.S. G
0 − 2(D − 1)/(D − 2) − − AD−1
1 − 8/(D − 2) − − DD−2
2 11 0 2 ∩ 5 = 1 A3 ∧ F4 ∧ F4 E8

2 10 1/4 2 ∩ 4 = 1, . . . A3 ∧ F4 ∧H3, . . . E8

2 9 4/7 2 ∩ 3 = 1 A3 ∧ F4 ∧ F2 E7

2 8 1 2 ∩ 2̄ = 1 A3 ∧ F4 ∧ F1 E6

3 10 0 − − E7
Table I : Reconstruction from branes of the simple simply laced Lie groups G .

We see indeed that all simple simply laced Lie groups (in their maximally non compact

form) are recovered from the intersecting extremal brane solutions and their openings from

actions of the type Eq.(2.1) with Chern-Simons terms. The action which upon dimensional

reduction to three dimensions exhibit these Lie group symmetry are fully determined.

4.3 From G to G+++

Taking into account the intersection rules Eq.(2.11), one verifies that Eq.(2.8) implies

D∑
α=1

(p(α))2 − 1
2
(
D∑
α=1

p(α))2 +
1

2
φ2 =

D − 2
∆

∑
A

ln2HA(x
a) , (4.15)

and we recall that the extremal branes in the intersecting brane configurations satisfy the

extremality conditions Eq.(2.4). Eqs. (2.4) and (4.15) indicate that the solutions Eq.(2.8)

carry a group-theoretical significance in the triple (or very-) Kac-Moody extension G+++
of G, for all simple groups G+++ (simply laced or not) as we now show.
We first recall how all simple Lie algebra G can be embedded in a very-extended Kac-

Moody algebra G+++. The simple roots of G+++ are given by adding two nodes to the
gravity line of the Dynkin diagram of the affine extension G+ of G, thus increasing by three
the rank of G [23]. The resulting Dynkin diagrams for G+++ are shown in Fig.3. As in the
case of Lie algebras, the Dynkin diagrams yield the Cartan matrix of G+++ which is then
entirely determined from the Serre relations.

The group SL(D) defined by this triple extended gravity line can be extended to the full

deformation group GL(D) whose algebra, generated by D2 generators Kab , a, b = 1, . . . ,D

, is a subalgebra of G+++. The Kab satisfy the following commutation relations

[Kab,K
c
d] = δ

c
bK
a
d − δadKcb . (4.16)

One considers the Cartan subalgebra of G+++ generated by the Kaa and s = r−D abelian
generators Ru where r is the rank of G+++. We write the corresponding abelian group
element Vabelian as

Vabelian = exp(−
D∑
a=1

p(a)Kaa −
s∑
u=1

φuRu) . (4.17)
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and tentatively identify p(a) and φu in Eq.(4.17) with (the log of) the diagonal vielbein in a

triangular gauge6 eaα(x), α ≤ a and φu with dilaton fields φu(x) in any action S̃ describing
a maximally oxidised theory7. The actions S̃ generalise to all simple Lie groups the ones

reconstructed in Section 3 for simply laced groups. It takes the form

S̃ =
1

16πG
(D)
N

∫
dDx
√−g

[
R− 1

2

s∑
u=1

(∂φu)2 − 1
2

∑
I

1

pI !
exp(

s∑
u=1

auIφ
u)F 2pI

]
+C.S. , (4.18)

where C.S. represents Chern-Simons terms that are required for some groups G.

D
+++

A
+++
D-3

C +++
q+1

B +++
D-2

D-2

1

n

n-1n-25432

1 n-2n-35432

n-1n

1 32

1 n-2n-35432

n-1n

E

E

F

G

+++

+++

+++

+++

7

6

4

2

E
+++
8

1 32 7 984 65

11

10

1 32 7 84 65

910

1 32 74 65

8

9

1 32 4 5

6

7
1 32 4

5

4 5 q+4q+3q+2

Fig.3. Dynkin diagram of G+++.
The nodes of the gravity line are shaded. The Dynkin diagram of G is that part of
the diagram of G+++ which sits on the right of the dashed line. The first three nodes
define the Kac-Moody extensions.

6We can indifferently label the p(a) by a curved or a flat index, as it is uniquely defined by the diagonal

vielbein in the triangular gauge. The position of this index as a subscript or superscript is a matter of

convention and has no tensor significance.
7A geometrical motivation of this identification is given in [8] and an alternate motivation has been

proposed in [24] by extending GL(D) to IGL(D). In this work the justification of the identification follows

from the analysis of Section 5.
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Given any symmetrisable Kac-Moody algebra there exists, up to a numerical factor, a

unique scalar product defined on the algebra that is invariant under the adjoint action of the

algebra [25]. For a finite-dimensional simple Lie algebra this is just the Killing form which

can be expressed as the trace of the generators in any finite-dimensional representation. In

the Cartan subalgebra described in the Li = {Kaa, Ru} basis it is [8]

〈Kaa,Kbb〉 = δab − 1
2
Ξab ; 〈Ru, Rv〉 = 1

2
δuv ; 〈Kaa, Rv〉 = 0 , (4.19)

where Ξ is the matrix with all entries equal to one. The matrix Gij = 〈Li, Lj〉 is invariant
under the group of Weyl transformations (and of outer automorphisms) of G+++. Hence
the quadratic form

D∑
α=1

(p(α))2 − 1
2
(
D∑
α=1

p(α))2 +
1

2

s∑
u=1

(φu)2 (4.20)

is invariant under the Weyl reflections in G+++.
Eq.(4.20) is identical with the left hand side of Eq.(4.15). In addition, one can prove

that the extremality condition Eq.(2.4) defines a a Weyl preserving embedding of Gp+1 in
G+++ where Gp+1 is the symmetry group resulting from dimensional reduction of the action
Eq.(4.18) to (D − p− 1) dimensions where the compactification is performed on a spatial
p-torus and on time. These features would provide a strong indication of the existence of a

hidden G+++ symmetry of the theory defined by Eq.(4.18) or by some generalisation there
of, if the right hand side of Eq.(4.15) would share such group-theoretical significance. In

the next section, we show, by construction of an explicit G+++ invariant action, that this
is indeed the case.

5. Non-linear realisation of G+++

This section is based on reference [12].

5.1 The temporal involution and the coset space G+++/K+++
We want ultimately G+++ to fully characterise the symmetry of the action S̃ defined by
Eq.(4.18), or of some more general theory. As an enlargement of the global symmetry group

G arising in the dimensional reduction of S̃, G+++ should also define a global symmetry.
This poses a dilemma. The metric and the form field strengths in S̃ are genuine space-time

fields and S̃ is invariant under the local diffeomorphism and gauge groups. How could a

global symmetry encompass a local symmetry? The present analysis is an attempt to solve

this dilemma by taking advantage of the infinite dimensionality of the algebra G+++. More
precisely we replace the action S̃ by an action S explicitly invariant under the global G+++
symmetry. S contains an infinite number of objects that are tensors under SL(D). These
comprise a symmetric tensor gµν , scalars φ

u and (pI−1)-form potentials Aµ1µ2...µpI−1 which
can be interpreted as the corresponding fields occurring in Eq.(4.18) taken at a fixed space

time point. Their motion in space-time, as well as those of possible additional fields, is

expected to take place through an infinite number of field derivatives at this point, encoded

in other objects in S.
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The positive (negative) step operators in the AD−1 subalgebra are, from Eq.(4.16), the
Kab with b > a (b < a). They define the level zero step operators of the G+++ adjoint
representation. The positive (negative) levels of the adjoint representation of G+++ are
defined as follows. One takes a set of q non-negative (non-positive) integers, excluding q

zeros, where q is the number of simple roots of G+++ not contained in the gravity line. The
q integers count the number of times each such root appears in the decomposition of the

adjoint representation of G+++ into irreducible representations ofAD−1. Positive (negative)
levels contain only positive (negative) roots and the number of irreducible representations

of AD−1 at each level is finite. All step operators of level greater than zero may be written
as irreducible tensors R c1...cr

d1...ds
of the AD−1 subalgebra of G+++, namely

[Kab, R
c1...cr

d1...ds
] = δc1b R

a...cr
d1...ds

+ . . .+ δcrb R
c1...a

d1...ds
− δad1R c1...cr

b...ds
− . . .− δadsR c1...cr

d1...b
. (5.1)

The commutators of all positive step operators are generated by the commutators of

step operators corresponding to simple roots. At level zero these ‘simple step operators’

are, from Eq.(4.16), theKaa+1 (a = 1, 2, . . . ,D−1). In general, when s dilatons are present
in the action S̃, the rank of G+++ is D + s. The s abelian generators Ru of its subgroup
GL(D) × U(1)s have non vanishing commutators with the tensor step operators Ra1a2...ar
associated to electric or magnetic simple roots. In dimensional reduction, these arise from

n-form potentials where n = pI − 1 for an electric root and n = D − pI − 1 for a magnetic
one. We can read off their commutation relation, in the normalisation given for the dilaton

in Eq.(4.18), namely [8]

[Ru, R
a1a2...ar ] = −εa

u
I

2
Ra1a2...ar , (5.2)

where ε = +1 for an electric root and −1 for a magnetic one.
To switch from positive Kab (b > a) step operators to negative ones it suffices to

interchange upper and lower indices. At higher levels, the negative of the tensor R c1...cr
d1...ds

is similarly a tensor R̄ d1...ds
c1...cr . The invariant scalar product for step operators is given by

〈Kba,Kdc〉 = δbcδda a > b, d > c ; 〈R a1...ar
b1...bs

, R̄ c1...cs
d1...dr

〉 = δc1b1 . . . δcsbs δa1d1 . . . δardr . (5.3)

Iterative procedures to compute the step operators at any level can be devised. They

build, together with the Cartan generators Kaa (a = 1, 2, . . . ,D) and Ru (u = 1, 2, . . . , s),

the full content of the adjoint representation of G+++.
The metric gµν at a fixed space time point parametrises the coset GL(D)/SO(D−1, 1).

To construct a G+++ invariant action S containing such a tensor, we shall build a non linear
realisation of G+++ in a coset space G+++/K+++ where the subgroup K+++ contains
the Lorentz group SO(D − 1, 1). We use a recursive construction based on the level
decomposition of G+++. As at each level the SO(D − 1, 1) invariance must be realised
for a finite number of generators, we cannot use the Chevalley involution to build the

coset G+++/K+++ . Rather we shall use a ‘temporal’ involution from which the required
non-compact generators of K+++ can be selected.

The ‘temporal’ involution ω is defined in the following way. For the generators of the

Cartan subalgebra we take, as in the Cartan involution,

Kaa
ω7→ −Kaa Ru

ω7→ −Ru , (5.4)
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while for step operators we take

R c1...cr
d1...ds

ω7→ −ηR̄ d1...ds
c1...cr , (5.5)

with η = (−1)nt where nt is the number of time indices in R c1...cr
d1...ds

. All commutation

relations in G+++ are preserved under the mapping Eqs.(5.4) and (5.5), and so is its bilinear
form. This mapping constitutes an involution that we label the temporal involution. We

define the subgroup K+++ of G+++ as the subgroup invariant under this involution. Its
generators are

R c1...cr
d1...ds

− ηR̄ d1...ds
c1...cr . (5.6)

K+++ contains the Lorentz group SO(D − 1, 1) and all generators with η = −1 are non-
compact .

5.2 Non-linear realisation of G+++ in G+++/K+++
We will follow a similar line of thought as the one developed in reference [14] in the context

of E++8 . Consider a group element V built out of Cartan and positive step operators in
G+++. It takes the form

V = exp(
∑
a≥b
h ab K

b
a −

s∑
u=1

φuRu) exp(
∑ 1

r!s!
A a1...ar
b1...bs

R b1...bs
a1...ar + · · ·) . (5.7)

We have written it so that the first exponential contains only level zero operators (i.e

the Cartan and the level zero positive step operators) and the second one contains the

positive step operators of level strictly greater than zero. The tensors h ab , φ
u, A a1...ar

b1...bs
,

bear a priori no relation with the metric, the dilaton and the potentials of the pI form

field strengths FpI entering the action Eq.(4.18). However we shall see that a dictionary

can be established relating the tensors which appear at low levels with the fields occurring

in Eq.(4.18) at a fixed space-time point. For higher levels the dictionary between group

parameters and space-time fields should arise from the analysis of the dynamics encoded

in the G+++ invariant action S below.
A differential motion in the coset G+++/K+++ can be constructed from Eq.(5.7).

Define

dv = dVV−1 dṽ = −ωdv ; dvsym =
1

2
(dv + dṽ) . (5.8)

As dv and dṽ are differentials in the Lie algebra, dvsym contains only the Cartan generators

and the combinations of step operators R c1...cr
d1...ds

+ ηR̄ d1...ds
c1...cr .

To construct the action S we wish to map a manifoldM into G+++. We do not want
to take forM a space-time manifold, as this might require the explicit introduction of local
symmetries which we hope to be hidden in the infinite algebra of G+++. We shall take for
M a one-dimensional world-line in ξ-space, i.e. dvsym = dvsym(ξ) = dV(ξ)V−1(ξ), where
V(ξ) are the group parameters appearing in Eq.(5.7) that are now fields dependent on the
variable ξ. Here no connection is imposed a priori between ξ-space and space-time.

A reparametrisation invariant action is then

S =
∫
dξ
1

n(ξ)
〈(dvsym(ξ)

dξ
)2〉 , (5.9)
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where n(ξ) is an arbitrary lapse function ensuring reparametrisation invariance on the

world-line. The ‘trace’ 〈 〉 is given by Eqs.(4.19) and (5.3) . It ensures the invariance
of the non-linear action S defined on the coset space G+++/K+++ under global G+++
transformations.

We now compute the level zero of the action Eq.(5.9), that is the terms generated by

Kba (a ≥ b) and Ru in V. From Eqs.(5.7), (5.8) and (4.16), one obtains the contribution
of the level zero to vsym(ξ),

dv0sym(ξ)

dξ
= −1
2

∑
a≥b
[eh(
de−h

dξ
)] ab (K

b
a + ηK

a
b)−

s∑
u=1

dφu

dξ
Ru , (5.10)

where h is triangular matrix with elements h ab . We now evaluate 〈(dv0sym(ξ)/dξ)2〉 using
Eqs.(4.19) and (5.3). The η-symbols defining the temporal involution allow the raising

or lowering of the a, b indices of the ξ-fields multiplying the negative step operator in

〈dv0sym/dξ, dv0sym/dξ〉 with the Minkowskian metric ηab . This ensures that this expression
is a Lorentz scalar. The Lorentz invariant action at level zero, S0, is

S(0) =
∫
dξ
1

n(ξ)
〈(dv

0
sym(ξ)

dξ
)2〉 ,

=
1

2

∫
dξ
1

n(ξ)

{
[eh(
de−h

dξ
)] ab [e

h(
de−h

dξ
)]T ba + [eh(

de−h

dξ
)] ab [e

h(
de−h

dξ
)] ba

−([eh(de
−h

dξ
)] aa )

2 +

s∑
u=1

(
dφu

dξ
)2

}
, (5.11)

where the summation is performed over Lorentz indices. Note that the lower indices of e−h

and the upper indices of eh cannot be lowered or raised by the Lorentz metric. To avoid

confusion we label these indices with greek letters, namely we define ‘vielbein’

e aµ = (e
−h) aµ e µb = (e

h) µb ; gµν = e
a
µ e

b
ν ηab . (5.12)

Although we have not yet introduced a space-time, we shall name the a indices flat and

the µ indices curved. As a result of the temporal involution and of the scalar product 〈 〉 in
G+++, the flat-index tensors have been endowed with a Lorentz metric while curved-index
tensors define a metric in GL(D)/SO(D−1, 1). Hence, for any ξ, we are allowed to identify
gµν(ξ) in Eq.(5.12) as the metric tensor in S̃, Eq.(4.18), at a fixed space-time point.

Using Eq.(5.12), one can rewrite the action Eq.(5.11) as

S(0) = 1
2

∫
dξ
1

n(ξ)

[
1

2
(gµνgστ − 1

2
gµσgντ )

dgµσ

dξ

dgντ
dξ
+

s∑
u=1

dφu

dξ

dφu

dξ

]
. (5.13)

At higher levels, the tensors multiplying the step operators couple nonlinearly to the

level zero objects and between themselves. The coupling to the metric and to φu can be

formally written down for all levels, but the self-coupling of the A a1...ar
b1...bs

depend specifically

on the group G.
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Consider a general AD−1 tensor A b1...bs
a1...ar parametrising a normalised step operator

R a1...ar
b1...bs

. The commutation relations of R a1...ar
b1...bs

with the Kba are given by the tensor

transformations as in Eq.(4.16) and (5.1) and those with Ru have the form

[Ru, R
a1...ar

b1...bs
] = λuR

a1...ar
b1...bs

. (5.14)

Here λu =
∑
λu,i where the λu,i are the scale parameters of the simple step operators

entering the multiple commutators defining R a1...ar
b1...bs

. This property follows from the

Jacobi identity. Identifying for simple step operators λu,i with −εauI /2 in Eq.(5.2) we may
identify for any ξ the φu(ξ) in S, Eq.(5.9), with the dilatons fields in S̃, Eq.(4.18), at a fixed
space time point. The particular A b1...bs

a1...ar (ξ) multiplying the step operators belonging to

the subgroup G can be similarly identified to the corresponding potential forms in S̃ along
with their duals.

It is straightforward to compute the contribution dv(A) to dv of a given tensor when

commutators of the R a1...ar
b1...bs

between themselves are disregarded. On gets

dv(A) =
1

r!s!
dA ν1...νs
µ1...µr exp(−

s∑
u=1

λuφu) e µ1a1 . . . e
µr
ar e

b1
ν1 . . . e

bs
νs R

a1...ar
b1...bs

. (5.15)

The contribution S(A)0 of v(A) to the action S is computed as previously and one gets

S(A)0 =
1

2

∫
dξ
1

n(ξ)

 1
r!s!
exp(−

s∑
u=1

2λuφu)
dA ν1...νs
µ1...µr

dξ
gµ1µ

′
1 ... gµrµ

′
rgν1ν′1 ... gνsν′s

dA
ν′1...ν′s

µ′1...µ′r
dξ

 .
(5.16)

The full action can only be approached in a recursive way. In S(A)0 , one must replace
derivatives by non linear generalisations to take into account the non vanishing commu-

tators between tensor step operators. We represent such terms by ‘covariant’ derivatives

symbol D/Dξ [14, 12]. There evaluation is group dependent. Formally the full action S is
S = S(0) +

∑
A

S(A) , (5.17)

S(A) = 1
2

∫
dξ
1

n(ξ)

 1
r!s!
exp(−

s∑
u=1

2λuφu)
DA ν1...νs

µ1...µr

dξ
gµ1µ

′
1 ... gµrµ

′
rgν1ν′1... gνsν′s

DA
ν′1...ν′s

µ′1...µ′r
dξ


where the sum on A is a summation over all tensors appearing at all positive levels in the

decomposition of G+++ into irreducible representations of AD−1.
One may expand S given in Eq.(5.17) in power of fields parametrising the positive step

operators. Up to quadratic terms, the result S(Q) is obtained by retaining in v(ξ) terms
independent or linear in these fields. Define the one-forms [dA] and the moduli p(a) (or

p(µ)) as in Section 4.3 by

exp(−
s∑
u=1

λuφu) ê µ1a1 . . . ê
µr
ar ê

b1
ν1 . . . ê

bs
νs

dA ν1...νs
µ1...µr

dξ

def
=
[dA] b1...bs

a1...ar

dξ
, (5.18)

ê µb
dê aµ
dξ

def
=
dp(a)

dξ
, (5.19)
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where ê means that only the diagonal vielbein are kept. We get

S(Q) =
∫
dξ
1

n(ξ)

[
D∑
a=1

(
dp(a)

dξ
)2 − 1

2
(
D∑
a=1

dp(a)

dξ
)2 +

1

2

s∑
u=1

(
dφu

dξ
)2

+
1

2
(e µb
de aµ

dξ

deaν
dξ
eνb)(1) +

1

2

1

r!s!

∑
A

[dA] b1...bs
a1...ar

dξ

[dA] a1...ar
b1...bs

dξ

]
, (5.20)

where the superscript (1) in the vielbein term indicates that only terms quadratic in

hb
a (a > b) are kept. In the next section we shall produce solutions of the action Eq.(5.20)

which are exact solutions of the full action Eq.(5.17).

6. Extremal branes from the G+++ invariant actions
We shall look for solutions of the equations of motion derived from S and containing only
one A(ξ)-field, or one non-diagonal h(ξ)-field, with given indices [12]. Such truncation is

consistent with all the equations of motion and hence we may disregard all non-linearity in

the step operators. Therefore it suffices for obtaining such solutions to replace the action

S by its simplified version Eq.(5.20).
We shall as in Eqs.(2.5) and (2.6), consider A to be an antisymmetric tensor with a

time index τ and r space indices coupled to a step operator of the G subalgebra. The
equation of motions are

a) The lapse constraint.

Eq.(5.20), taking Eqs.(5.18) and (5.19) into account, reads

D∑
α=1

(
dp(α)

dξ
)2−1
2
(

D∑
α=1

dp(α)

dξ
)2+
1

2
(
dφ

dξ
)2−1
2
exp[εaφ−2p(τ)−2

λr∑
λ=λ1

p(λ))](
dAτλ1...λr
dξ

)2 = 0

(6.1)

Here we have taken one dilaton with scaling λ = −εa/2 in accordance with Eq.(5.2).
Note that this relation is valid wether or not the magnetic root is simple, as seen

in dimensional reduction. A crucial feature of this equation is the minus sign in

front of the exponential. Its origin can be traced back to the temporal involution

defining our coset space, hence to Lorentz invariance, because both magnetic and

electric potentials have a time index.

b) The equation of motion for A.

We take the lapse n(ξ) = 1. One gets

d

dξ

 exp[εaφ− 2p(τ) − 2 λr∑
λ=λ1

p(λ)]
dAτλ1...λr
dξ

 = 0 . (6.2)

c) The dilaton equation of motion.

− d
2φ

dξ2
− 1
2
εa exp[εaφ− 2p(τ) − 2

λr∑
λ=λ1

p(λ)](
dAτλ1...λr
dξ

)2 = 0 . (6.3)
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d) The vielbein equations of motion.

− 2d
2p(α)

dξ2
+

D∑
β=1

d2p(β)

dξ2
= 0 α 6= τ, λi (i = 1, 2 . . . r) , (6.4)

− 2d
2p(α)

dξ2
+
D∑
β=1

d2p(β)

dξ2
+ exp[εaφ− 2p(τ) − 2

λr∑
λ=λ1

p(λ)](
dAτλ1...λr
dξ

)2 = 0 α = τ, λi .

(6.5)

We take as anzätze the solutions of the extremal brane problem but with HA an unknown

function of H(ξ). Namely we pose

Aτλ1...λr = ετλ1...λr [
2(D − 2)
∆

]1/2H−1(ξ) , (6.6)

p(τ) = p(λi) = −D − r − 3
∆

lnH(ξ) ; p(α) =
r + 1

∆
lnH(ξ) α 6= τ, λi . (6.7)

φ =
D − 2
∆
εa lnH(ξ) . (6.8)

From these equations and from Eq.(2.9) we see that εaφ−2p(τ)−2∑λrλ=λ1 p(λ) = 2 lnH(ξ).
It then follows that the equation of motion for A, Eq.(6.2), reduces to, using Eq.(6.6),

d2H(ξ)

dξ2
= 0 . (6.9)

Given this result, it is straightforward to verify that the anzätze Eqs.(6.6), (6.7) and (6.8)

satisfy the dilaton and the vielbein equations of motions. The lapse constraint takes the

form
D∑
α=1

(dp(α))2 − 1
2
(

D∑
α=1

dp(α))2 +
1

2
(dφ)2 − D − 2

∆
(d lnH)2 = 0 . (6.10)

where the differentials are taken in ξ-space. It has therefore exactly the same form in

ξ-space as Eq.(4.15) has in space-time. The relations Eqs.(6.6), (6.7) and (6.8), together

with Eqs.(6.9) and the lapse constraint Eq.(6.10) fully describe an exact solution of the full

G+++ invariant action S defined recursively by Eq.(5.17). We now discuss the significance
of this result.

The Eqs.(6.6), (6.7) and (6.8) characterise completely the algebraic structure of the

extremal brane solution but do not yield its harmonic character in space-time. As the

functions Aτλ1...λr(ξ), p
(τ)(ξ), p(λi)(ξ) and φ(ξ) were interpreted in the action S as functions

at a fixed space-time point of the independent variable ξ, this is a consistent result. The

solution H = a+ bξ of Eq.(6.9) would then describe a motion in the space of solutions, for

instance of branes with different charges. However the fact that we have exact solutions of

the action S with the correct algebraic structure of the extremal branes, means that these
solutions are only indirectly related to the corresponding space-time solution. One expects

that the information contained in this solution, which is of course not contained in a trivial

constant space-time solution of the Einstein equation, is the required information to build
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coupled equations to higher space-time derivatives encoded in higher level representations,

which would then be directly related to space-time solutions.

There are indications that this may indeed be the case but it is unclear whether it is

sufficient to consider the adjoint representation of G+++ [12] or if one has to include other
representations [26, 27].

The solution Eqs.(6.6), (6.7) and (6.8) satisfy, in ξ-space, the relation Eq.(2.4). This

relation define an embedding of a subgroup Gp+1 of G+++ acting on the p compact space
dimensions in which the branes live and on the time dimension [5]. We shall consider the

subgroup Gp of Gp+1 which acts on the space dimensions only and we take p ≤ D − 4 so
that Gp+1 is a Lie group. This group is conjugate by a Weyl reflection in G+++ of the group
G′ p+1 obtained by deleting the first D− p− 1 nodes of the gravity line [5] and hence Gp is
conjugate to its subgroup G′ p characterising the usual dimensional reduction of Eq.(4.18)
to D − p dimensions.
We shall consider the transformations mapping one root to another root, thereby

generating solutions of the same ‘family’ as the extremal solution just described. These

transformations include the Weyl group W (G+++) of G+++. We shall examine Weyl trans-
forms of the extremal brane solution characterised by one positive step operator which

send the positive root into a positive root. Such transformations leave invariant not only S
but also preserves their quadratic truncation Eq.(5.20). Hence Eq.(6.10) is invariant under

the Weyl group of Gp+1. The restriction to the Weyl group of Gp selects transformed fields
with one time index.

Thus W (Gp) leaves invariant the quadratic form
D∑
a=1

(dp(a))2+
1

2
[−(

D∑
i=1

dp(a))2+

s∑
u=1

(dφu)2+(e µb de
a
µ deaνe

νb)(1)+
1

r!s!

∑
A

[dA] b1...bsa1...ar [dA]
a1...ar
b1...bs

],

(6.11)

and the embedding relation Eq.(2.4) in ξ-space. It acts on A-fields, or non-diagonal vielbein,

containing one time index. The sum of the first three terms is the invariant metric of G+++
restricted to its Cartan subgroup. Together with the embedding relation Eq.(2.4) they are

left invariant under the Weyl group of Gp+1. We now see the group theoretical relevance
of the right hand side of Eq.(4.15) or better the last term of Eq.(6.10) in ξ-space. The

Weyl transformations of the step operators and the additional terms in Eq.(6.11) guarantee

indeed the invariance of Eq.(6.10) under W (Gp). For all G+++, the Weyl transformations
generate new solutions from one extremal brane solution. We stress again that in the

present approach both electric and magnetic branes are described ‘electrically’.

For M-theory, this yield the well-known duality symmetries of M-theory, including the

duality transformations of branes, KK waves and KK monopoles (Taub-NUT spaces). Such

transformations are however not a privilege of M-theory and occur in all G+++ invariant
actions. This is exemplified below, taking for definiteness the action S for the group E+++7

which is related to the action S̃ with gravity coupled to a 4- and a 2- form field strength

in 9 space-time dimensions. The Dynkin diagram of E+++7 is depicted in Fig.3, which

exhibits the two simple electric roots (10) and (9) corresponding respectively to the step

operators R7 8 9 and R9 which couple to the electric potentials A7 8 9 and A9.
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We take as input the electric extremal 2-brane e(8,9) in the directions (8, 9) associated

with the 4-form field strength whose corresponding potential is A1 8 9 and submit it to the

non trivial Weyl reflection W10 associated with the electric root (10) of Fig.3. We display

below, both for e(8,9) and its transform, the moduli, i.e. the vielbein components p
(a) and

the the dilaton value φ, of the brane solution Eqs.(6.7) and (6.8) as a ten-dimensional

vector where the last component is the dilaton. We also indicate the transform of the step

operator R1 8 9 under the Weyl transformation. We obtain

(−4, 3, 3, 3, 3, 3, 3,−4,−4; 2√7) lnH(ξ)
14

e(8,9) R1 8 9 (6.12)

↓W10
(−7, 0, 0, 0, 0, 0, 7, 0, 0; 0) lnH(ξ)

14
kke (7) K17 (6.13)

The transformation of the 2-brane is reminiscent of a double T-duality in M-theory.

We now move the electric brane through Weyl reflections associated with roots of the

gravity line to e(5,9) and submit it to the Weyl reflection W10. We now find that the brane

e(5,9) is invariant but moving it to the position e(5,6), we get

(−4, 3, 3, 3,−4,−4, 3, 3, 3; 2√7) lnH(ξ)
14

e(5,6) R1 5 6 (6.14)

↓W10
(−1, 6, 6, 6,−1,−1,−1,−1,−1; 4√7) lnH(ξ)

14
m(5,6,7,8,9) R

1 5 6 7 8 9 (6.15)

This is a magnetic 5-brane in the directions (5, 6, 7, 8, 9) associated to the 2-form field

strength ! It is expressed in terms of its dual potential A1 5 6 7 8 9. Submit instead e(5,9) to

to the Weyl reflection W9 associated with the electric root (9) of Fig.3. The 2-brane e(5,9)
is again invariant, but moving it to to the position e(5,6), we now get

(−4, 3, 3, 3,−4,−4, 3, 3, 3; 2√7) lnH(ξ)
14

e(5,6) R1 5 6

↓W9
(−3, 4, 4, 4,−3,−3, 4, 4,−3;−2√7) lnH(ξ)

14
m(5,6,9) R1 5 6 9 (6.16)

This is a magnetic 3-brane in the directions (5, 6, 9) associated to the 4-form field strength,

expressed in terms of its dual potential A1 5 6 9.

Finally, let us submit the magnetic 5-brane m(5,6,7,8,9) obtained in Eq.(6.15) to the

Weyl reflection W9. One obtains

(−1, 6, 6, 6,−1,−1,−1,−1,−1; 4√7) lnH(ξ)
14

m(5,6,7,8,9) R
1 5 6 7 8 9

↓W9
(0, 7, 7, 7, 0, 0, 0, 0,−7; 0) lnH(ξ)

14
kkm (2,3,4;9) R

1 5 6 7 8 9, 9 (6.17)

Eq.(6.17) describes, as in M-theory, a purely gravitational configuration, namely a KK-

monopole with transverse directions (2,3,4) and Taub-NUT direction (9) in terms of a dual

gravity tensor h1 5 6 7 8 9, 9.
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It is also possible to generate solutions not contained, at least explicitly, in the group

Gp. These are very interesting solutions as they may test the significance of genuine Kac-
Moody extensions of the Lie groups. Such analysis is outside the scope of the present

work where we test only solutions which can straightforwardly be mapped to space time

solutions of the effective actions Eq.(4.18).

The above example illustrate the analogy of M-theory duality transformations with

similar transformations in all ‘M-theories’ defined by all G+++. One may indeed carry the
same analysis for all G+++ and exhibit for each of them the ‘duality’ transformations of the
branes. As in M-theory, these dualities are symmetries in non-compact space-time. This is

because Gp+1 is, as G′ p+1, the Lie group symmetry of the action Eq.(4.18) dimensionally
reduced to three dimensions (for p = D−4). They differ because while the latter reduction
leaves a Lorentzian non-compact space-time, the former leads to a Euclidean space-time by

compactifying time. The group Gp of transformations on ξ-space discussed above, is thus
in one to one correspondence with the group Gp of space-time transformations when time
is decompactified. In particular, the functions H(ξ) can thus be mapped into harmonic

functions H({xν}). However as pointed out in the previous section, more work is needed
to relate directly H(ξ) to H({xν}), and solutions in ξ-space to solutions in space-time for
all G+++, through translation operators hopefully induced by group generators.
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