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ABSTRACT: A spin chain based on the XXZ model is constructed, with staggered disposition of the
spectral parameter and of the anisotropy parameter. Its integrability is proved and the corresponding
Hamiltonian is derived. It can be interpreted as a ladder Hamiltonian. The symmetry of the model is
an extension of the U, (sl(2)) algebra.

This talk is based on works done with R. Pog-
hossian, A. Sedrakyan, T. Sedrakyan and P. Sor-
ba. More details may be found in [il], as well
as relevant references. The last part is still in

progress.

We will present a spin chain model based on the
XXZ chain. It will provide a Hamiltonian with
next-to-rearest neighbour interaction. In the free
fermionic limit, this model decouples into two
(even and odd) sub-chains, indicating that a lad-
der chain interpretation of the Hamiltonian is
physically interesting. The investigation of the
possible generalisations of this model to more
complicated ladder may have interesting appli-
cations in the theory of superconductivity (see
the report of Alessandro De Martino [5_2.'] on the
physics of ladder chains).

1. Description of the model: stag-

gered monodromy matrix

We start from the XX7 R-matrix and use it as a
building block of a staggered model. We consider
Zy graded auxiliary and quantum spaces Vg » ()
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and Vj ,(v), (o,p = 0,1) (without fermionic in-
terpretation), and consider four different R-ma-
trices
Rajop (u,v) :
Va,o(u) @ Vjp(v) = Vj5(v) ® Vaz(u),
(1.1)

withg =(1-0), p=(1-p).
\ VaO a,
Vj’lj:1 2 3 45
Vi

TO()‘7 ’LL) \\
Va,O \Va 1/ Va 0 \\ Va/ Va 0 \Va 1
Vi,

Figure 1: Monodromy matrices Tp and T3

It is convenient to introduce two “transmu-
tation” operations ¢; and ¢ with the property
1?2 = 13 = id for the quantum and auxiliary
spaces correspondingly, and to mark the oper-

ators Ryj o, as follows

— L1
Ruj00 = Raj, Raj01 =R,

aj’
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Roj10 = Rff}, Rojn = Rz,lju‘ (1.2) R (u) =
in(A 0 0 0
We then introduce a double line monodromy ma- sin(A +u) . i
i 0 —sin(u) e ™sin(A) 0
e as 0 esin()\) —sin(u) 0 ’
T(Au) = To(A w)Ty (A, w) (1.3) 0 0 0 sin(A+u)

where Ty and T; are staggered products of iy
transmuted R-matrices

N
Tl()\, ’U,) = H Ra,2j—1 (>‘7 U)szzﬂj (A7 ’LL)

j—l

a,2]

HR;;QJ LS )R (A u), (1.4)

and where the notation R in general means the
different parameterization of the R-matrix via
model A and spectral u parameters and can be
considered as an operation over R with property
R=R.

In order to have a integrable model with commut-
ing transfer matrices (.3) for different spectral
parameters

[trT(\w), trT(A\,v)] = 0 (1.5)

it is enough to have the following relations for
the 7, (u) = trTy (A, u), (¢ =0,1)

Te(A u)T1—0 (A 0) = T (A, 0)T1—c (A 1), (1.6)

which is true if the two local condition (Yang—
Baxter like equations) are satisfied

Riz(u, v) Ris(u) Ra3(v) =
RLQE('U)RIE}(U)RIQ(U,U) (17)

and

Rua(u, v) Ri5* (u) Ry (v) =
Ry (v) Ry (u)Raz(u,v) - (1.8)

for some 1:212
A solution of (i1.7-1.8) is given by

R(u) =
sin(A+u) 0 0 0
0 sin(u) e "™sin(A) 0
0 e™sin(A)  sin(u) 0 ’
0 0 0 sin(A+u)

(Notice that we introduced here the off-diagonal
factors e and e~™ not present in [-1:] to allow
the later decomposition ({.I'). They are nothing
more than a rescaling of the states or a simple
gauge transformation.)

Writing R as

Rjk(u) = alu) [=njny, + (1 = n;)(1 = ny)]
+ b(u) [nj (1 = ng) + (1 = nj)ng]
+ &c(u)e jck + & te(u)efe;,  (1.15)

A, the anisotropy parameter of the XXZ model,
is defined by

a*(u )+b2(U)—
2a(u)b(u)

actually does not depend on the spectral param-

A= () (1.16)

eter.
It is important to mention here that the trans-
mutations ¢; and to change the sign of A, as

A,=A,=-A. (1.17)
This means, that in the definition (i.4) of the
monodromy matrices Ty 1(A, u) we have a prod-
uct of R-matrices with alternating anisotropy pa-
rameters +A.

2. The Hamiltonian

The derivation of a Hamiltonian is usually done
using
OlntrT (u)

H=—
ou

lumag - (2.1)
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The locality of the Hamiltonian comes from the
fact that, for some special value of the spectral
parameter ug, one has

Rij(uo) = Iij

with R=PR. (2.3)

In our case, not all the R-matrices of the mon-
odromy matrix are identity for u = ug. We nev-
ertheless have a local Hamiltonian obtained as

T (u) ~ (sin® Asin(\ + 6) sin(A — 0))V -
N
1+ud Hj|, (2.4)

where H contains (local) interaction of the form

Hj = ha(1 = nj1 = nji2)(cf 1 — ¢fy1¢5)
+ha [njnjee + (1 —ny)(1 —nj40)]
+(hs(1 = nj41) + hanjp)e] ¢jyo
—(ha(l = nj41) + hanjir)efiac; - (2.5)

In the A = 0 limit,
Hj = [C;er+2 — C;FJFQC]'} . (26)

which corresponds to free fermions, propagating
separately on even and odd sub lattices.

It is then convenient to write the Hamiltonian
(:_2-_3) in a ladder form represented graphically as
in Figure 2.

27+1 27
J + Jj+3 s—1
s=0
2 2+2 2j+4
Figure 2: Zig-zag ladder chain
Defining indeed
Cj,s = C2j+s, s = 0, 1 (27)

where s labels the legs of the ladder, we get
H;, =
hi (€] sCst1 = €5 gp1Cis) (Mg—1,501 — Mjt1,s)
+ha [n,snj1,s + (1= 156) (1 = njga,s)]
¢ cins (3(1 = njs41) + hanjeia)
i1 Cs (hangsin + ha(l =75 001)) - (2.8)

This Hamiltonian contains hopping terms along
each leg of the ladder (depending on the occupa-
tion number on the other rung), and also hopping
term from one rung to the other.

3. Bethe Ansatz equations

The monodromy matrices Ty and T; act as (the
blocks corresponding to auxiliary space indices)

(Ts(w), = (@' | Ts(u

a

The reference state
2N
) =] 10 (3.2)
i=1

is an eigenstate of TyT7.
Other eigenstates are as usual obtained as

| Vo = Bi(v1)Bo(v2)...Bo (vn) | ), (3.3)

for particular values of the parameters v;, that
we will now characterise.

From the RTT relations satisfied by the mon-
odromy matrices, one deduces

Ao(u)By(v) = — ZEZ : Z; Bo(v)A1(u)

+ZEZ - Z; Bo(u)A (v)

AB() =+ By ) )
c(v—u)

— b(’u — u) Bl (’U,)A() (’U)

and

b(u — v)

c(u —v)

bu—v) Bo(u)D1(v)
D(u)Bofo) = 55— B1(0) Do)

c(u —v)

b(’u, — ’U) Bl (U)DQ('U)

Demanding that, in the action of the monodromy
matrix on (3.3), no term of the form B(u)X (v;)
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for X = A, D is left (so-called “unwanted term”),
we get the Bethe equations for the v;:

)

[a(vg‘)a‘2 (Uj)] N ﬁ a(vj — i)
D1 L alvi— )
j=1,..n. (3.4)

4. Reverse Baxterisation procedure
Let
1 —1p—1
R12(u) = Z (ZR12 —Z R21 ) (4.1)

with z = e™. Then the Yang-Baxter equations

(1.7.L.8) for the spectral parameter dependent R-
matrix R(u) and R** (u) are equivalent to the fol-
lowing equations for the constant R-matrices R
and R“

RisRLRys = RLRisRYY (4.2)
RS Ry3RY, = RosRU4Ry, (4.3)

Riz (R§) ™' Ras — (Ra1) ' Riy (Rs2) ' =
Ry (Rs1) ™' Ry — (Rsh) ™ Rus (Ryy) ™

(4.4)
Ry (Ra1) ™" Rey — (Rsy) ™" Rs (Rep) ™ =
Ros (R§) ™" Riz — (Ra2) ' Riy (Rar) ™"

(4.5)

assuming R = R".

From the spectral parameter dependent so-
lution we deduce that a solution of (4.2-4.5) is

given by

q 0 0 0

0 1 0 0
R = 4.6
0 q-— qfl 1 0 9 ( )

0 0 0 ¢

q 0 0 0

0 -1 0 0
R = 4.7
0 q-— qfl -1 0 ’ ( )

0 0 0 g¢q

where (4.6) is the usual R-matrix of Uy (s1(2)).

5. Algebra

The R-matrices (4.6) and (4.7) and the equations
(EI.:Z{@._&) lead to the following algebra, defined by
the generators LT, (L*)"" and the relations

R LI LE = LI LERY, (5.1)
RipLT"" Ly = Ly LT Ry, (5.2)
RALFLE = LFLT" Ry (5.3)

RALLTLy"™ = Ly LT Rya

RisLi“" L — (Ry) 'L Ly =
Li" Ly Ry — Ly L (Rgh) ™" (5.5)

RBLy LY — (Ryy) T LL; " =
LILT"Rys — Ly LT (Ro1) ' (5.6)

Writing the operators L* in the form

K 0 K, F
() ()
<EK+2 0K72

5.7)
and similarly for L+, we get the relations
KYK = K'Y Ky (5.8)
KLK 9 = KWKo (5.9)
K4NKis = —K%HKy (5.10)
KY'K 5 = —K"K_, (5.11)
KK 5 = —K“ K, (5.12)
KL,K 1 = —K" Ky (5.13)
KLE = qE" K4 (5.14)
K'“E =q'E"K_, (5.15)
K"E = —q¢ 'E" K, (5.16)
K" E = —qE" K _, (5.17)
K4F = —¢ 'FY Ky (5.18)
K F = —qF“K_, (5.19)
K'F = qF" Ky (5.20)
K'WF = ¢ 'FUK_, (5.21)
E“F + F“E =

(g—q 1) (K Ky — KM K_5) . (5.22)

These equations look like those defining U, (sl(2)),
althought important sign differences appear, in
particular in the exchange relations of the gener-
ators K.
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6. U,(gl(2)) interpretation

We define the following composite operators:

e=KUE

f=KuF

ky = KO K,

ky = KS K,

L = KK,

I, = KVK_, (6.1)

These operators satisfy the relations

kie = —qzekl
kif = —q % fh
koe = —q?ek,
kaof = —q *fk
le, /] = (¢° = 1) (k1lz — kal)
l,e = —el;
Lif = —fl; (6.2)

These relations are those of U_ ;2 (sl(2)) with sup-
plementary generators [y, ls anticommuting with
e and f. The operators

i, 3,
k1ks, lila,
Cy, = f€ + q2k1l2 + kol (63)

are Casimir operators of this algebra.

7. Perspectives and questions

Generalisations of this construction to other mod-
els is under investigation. The case of the ¢t — J
model is studied in L'i%.'] The g — tJ and Hubbard
models will also be used as building blocks.
Increasing the number of legs of the ladder would
bring us closer to 2-dimensional models.

J.-M. Maillet suggested that the double row mon-
odromy matrices could be permuted using a “big-
ger” R-matrix (instead of permuting single row
ones using R and repeating the operation). The
answer is that this can be done; more precisely,
if R is the block

R{ivin} jrja} (W 0,0, 0") =
R (v —v) Ry, (u' — ")

11J1
Riyji(u— )R (u—7) (7.1)

i2J2

it satisfies the Yang—Baxter equation

Riviat e} (W, ', v,0")
Riiviot{kike} (W', w,w0")
R {jrga} ko y (v, 0w, 0)
= Rijuia} {kake} (0,0, 0,0")
Riviot {kike} (wu', w,w")

R{iliz}{j1j2}(u, ’LL/,’U,’U,) (72)

(The indices indicate, as in the YB equations,
the spaces in which the matrices act; they are
not basis indices.) Moreover, the 2 x 2 block of
R-matrices that is periodically used to construct
the double row monodromy matrix is

R{aa’}{Qj—1,2j} (u,0 —u,0,0) . (7.3)

(Note that the ¢ transmuted matrices are ex-

pressed, using our particular solution (1.941.171)
of the double Yang-Baxter equation (1.7,1.8), as
t1 transmuted ones with opposite spectral pa-

rameter.)
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