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INSTANTONS AND QUATERNIONS
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ABSTRACT: We relate the moduli space of Yang-Mills instantons to quaternionic manifolds.
instanton number one, the Wolf spaces play an important role.

calculations in N' = 4 SYM theory.

Instantons in Yang-Mills theories are defined
by the solutions to the self-duality equation in
four-dimensional Euclidean space,

(1)

and are characterized by an integer number, the
topological charge,
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For £k = 1, one can explicitly solve these equa-
tions @.:, 'Q.'], and for gauge group SU(2), the in-
stanton gauge field one-form A and its field strength
F can be elegantly written in terms of quater-
nions ¢ = x,0,, with o, = (7, 1), [g],
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p* + |z — xo|?
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where the norm of quaternions is defined as |2?%| =
itr(zz) = z,z,. This solution has five collec-
tive coordinates, four positions z{f and a size p,
but one can act with rigid SU(2) gauge rotations
with angles g to generate new inequivalent solu-
tions. So in this example, there are eight collec-
tive coordinates.

The purpose of this letter is to elaborate on
the geometry of the moduli space of collective
coordinates, and to apply this knowledge to in-
stanton calculations in A/ = 4 supersymmetric
Yang-Mills theories.

For k = 1 and gauge group SU(2), the mod-
uli space is simply R® (in fact, it is R* x R*/Z,

For
We apply these ideas to instanton

, which has an orbifold singularity corresponding
to zero size instantons), with metric

ds? = dahdaly + (dp)? + p?dS? . (4)
This metric can be computed by evaluating the
inner product of zero modes, which are the deriva-
tives of the instanton field with respect to the
collective coordinates, as was demonstrated in
2 4
tion factors, which are irrelevant for the present
discussion. The last term in (4) comes from the

We have dropped certain normaliza-

gauge orientation zero modes, whose correspond-
ing collective coordinates § parametrize SU (2) =
S3.

For k = 1 and gauge group SU(N), one can
construct all instanton solutions by embedding
the SU(2) instanton inside SU(N), and acting
with rigid gauge transformations on the chosen
embedding,

A;jU(N) = U(®) <8 Aig(z) > Ut(¢)
SU(N)
Ve stwv—2) <00 - 5)

Notice that we have divided by the stability group
of the instanton embedding. The SU(N —2) fac-
tor in (TE'):) only acts on the upper diagonal block
and commutes with the SU(2) embedding. Fur-
thermore, there is an extra singlet, corresponding
to the U(1) factor in the stability group, commut-
ing with SU(2) (e.g., for SU(3) with the stan-

1For a recent review on instantons, and lhow to deter-
mine the zero modes and metric, see e.g. [b]
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dard Gell-Mann matrices, the first three deter-
mine the SU(2) embedding, whereas the eighth
generator commutes with this embedding and is
the U(1) singlet mentioned above).

The dimension of this coset space is 4N —
5, and we denote the coordinate-angles by ¢ =
{0,¢M},i =1,..,N—2, M =1,...,4 so count-
ing leads to 4N collective coordinates in total, in
agreement with standard index theorems.

The metric on the moduli space of £ = 1
SU(N) instantons is [4]

ds® = dzfydal + (dp)* + p*dS® + p*dXn_2 , (6)
where dX y_» stands for the metric element on
the 4(N — 2)-dimensional space

SU(N)

2= Ny xsv<om .

Actually this metric is the one obtained by work-
ing infinitesimally in the angles ¢, for which it is
known that the 6 zero modes are orthogonal to
the ¢M zero modes, see for instance ES] For rea-
sons to be explained below, one expects that the
full metric in () is of the form where S? is fibered
non-trivially over Xy _o.

The space Xn_o is known as one of the Wolf
spaces [6] and is an example of a quaternionic
manifold, which we will discuss later. The an-
gles qiM can then be interpreted as N — 2 quater-
nions, which coordinatize the quaternionic mani-
fold. Ignoring the center of mass coordinates zf,
the metric has the form of a cone, with radial
parameter p.

For k = 1 and gauge group SO(N), there are
4N — 8 collective coordinates. The one-instanton
solution is constructed by choosing an SU(2) in-
side an SO(4) = SU(2) x SU(2) embedding in
SO(N) [ii]. The stability group of this instanton
is SO(N —4) x SU(2), and performing a similar
counting as for the SU(N) case, one indeed ob-
tains 4N — 8 collective coordinates. The metric
on the moduli space is now

ds? = dafjdzly + (dp)* + p>dS® + p?dYn_4 , (8)

where dYy_4 stands for the metric element on
the 4(N — 4)-dimensional Wolf space

SO(N)

W= sow—axsow - O

Finally we analyze the gauge group Sp(N).
Here we can simply choose the lower diagonal
SU(2) = Sp(1) embedding inside Sp(N). The
stability group of this embedding is now Sp(N —
1), and the moduli space metric is

ds? = dzfydzf + (dp)? + p*dS® + p?dHPN_1 ,

(10)

with corresponding 4(/N —1)-dimensional quater-

nionic projective space

Sp(N)

Sp(N — 1) x Sp(1) |

Counting leads to 4(IN+1) collective coordinates,

which agrees again with index theorems. One

HPy_1 = (11)

could do a similar analysis for the exceptional
gauge groups, and obtain a corresponding quater-
nionic manifold. It is known that for any semisim-
ple Lie algebra, there is a corresponding quater-
nionic Wolf space [’@] In general a quaternionic
manifold (in the mathematics literature called
quaternionic-Kéahler although they are not of the
Kéhlerian type) is a 4n-dimensional Riemannian
space with holonomy group contained in Sp(1) x
Sp(n).
classification of the compact homogeneous quater-
nionic manifolds is precisely given by the Wolf
spaces [6, :_1-4:] Hence the £ = 1 instanton mod-
uli spaces are characterized by the Wolf series.

These spaces are always Einstein. The

Quaternionic spaces also appear in the coupling
of four-dimensional A/ = 2 hypermultiplets to
supergravity [E-Eﬂ We will discuss its relation to
instantons later.

For arbitrary instanton number k, one can
not construct the instanton solution explicitly.
However, using the ADHM formalism (which ex-
tensively uses a quaternionic notation), it is pos-
sible to write down the solutions in an implicit
way [8] The moduli space, denoted by My (G),
has dimension 4kN, 4k(N — 2) and 4k(N + 1) for
gauge groups SU(N), SO(N) and Sp(N) respec-
tively. It is known to be a hyper-Kéhler manifold
of a special kind [_E_):, :f(ﬂ, hence also called special
hyper-Kdhler manifolds [:_I-Q':], because it has the
following properties:

e The metric on the moduli space, g, allows
for a hyper-Kéhler potential, x, which sat-
isfies, in local coordinates,

gap = Dadpx . (12)
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Maciocia [0 has shown that for Yang-Mills

instantons,
1 4 2
X= 162 d*z|z|* Tr Fu, Fu ,  (13)

and for k£ = 1, one can explicitly compute
this potential, x = 2p% + |z 2.

e The derivative x4 = dax is a homothetic
Killing vector, and there is an SU(2) isom-
etry, generated by

=

A = JAsxP | (14)

where J are the three complex structures
of the hyper-Kéahler manifold. This SU(2)

isometry rotates the complex structures. Four-

dimensional hyper-Kéhler spaces with such
an SU(2) isometry are classified. They are
either flat space, Taub-Nut, or the Atiyah-
Hitchin manifold. Only flat space allows
for a homothetic Killing vector.

e One can factor out the center of mass co-
ordinates of the k-instanton solution, such
that

My =R x MY . (15)

Here MY is the reduced instanton moduli
space. It is again a special hyper-Kéhler
manifold [:_1-]_}] Spaces with a homothety
can always be described as a cone. One can
choose x as one of the coordinates, and de-
note the remaining coordinates by zA. The
line element can then be written in the form
[:_12‘]7
dx?

ds? = Pn +xhisx) dzt dxé, (16)

where the 24 are the coordinates associ-
ated with the hypersurface y = constant.
It is known that this hypersurface must be
a 3-Sasakian space and the hyper-Kéhler
space is therefore a cone over the 3-Sasakian
metric. For a recent review on these spaces,
see [13].

For k = 1 one can see the cone structure
in the reduced moduli space metrics (), (&)
and (:L-Q:) Indeed, the hyper-Kahler poten-
tial is, up to normalization, just the size of

the instanton, y = p?. At p = 0, there is
a conical singularity, corresponding to zero
size instantons.

o It turns out that 3-Sasakian spaces are Sp(1)
fibrations over quaternionic Kéhler mani-
folds Q [[0]. Hence one can write

M) =R" x [Sp(1) x; Qi , (17)

where RT is parametrized by the cone vari-
able x, and the subscript f denotes the
non-trivial fibration. This structure is in-
deed present in the above discussed exam-
ples. For k =1, Q; are precisely the Wolf
spaces, which are the only compact homo-
geneous quaternionic manifolds. For higher
instanton number, Qj will in general not
be homogeneous anymore, and it will con-
tain singularities. It would be interesting
to study its properties.

In an apparently different context, special
hyper-Kéahler manifolds also appear as target spaces
for four-dimensional (but also in five or six di-
mensions 2) superconformal hypermultiplets, as
was discussed in detail in [:_1-6, :_1-7_:, :_f%‘], see also
[id]. There, the implications of rigid V' = 2 su-
perconformal invariance on sigma models were
analyzed, and the constraints on the hyper-Kéhler
manifold are exactly the ones discussed above.
The corresponding quaternionic space then ap-
pears if one would couple the hypermultiplets to
supergravity via the superconformal tensor cal-
culus [Z-Q‘} This raises the question if the instan-
ton moduli space naturally appears as the target
space of some sigma model theory. This is in-
deed the case, as was shown in [}_2-1:, :_2-_2.'] and also
in [2-?_;] There, instantons are described in terms
of Dp-D(p+4) brane configurations, and the in-
stanton moduli space coincides with the vacuum
moduli space of the corresponding worldvolume
theory of the Dp-D(p+4) system.

To make this correspondence more clear, we
should consider instantons in N' = 4 SYM theory
at the conformal point (i.e., not spontaneously
broken), and for simplicity we choose gauge group

2For two-dimensional sigma models on group mani-
folds, w'it_h eight supercharges, one also recovers the Wolf
spaces [2].
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SU(N) and instanton number k = 1. On top of
the 4N bosonic zero modes, we have 8 N fermionic
zero modes, each one corresponding to a solution
of the Dirac equation. The Grassmannian collec-
tive coordinates (GCC) are denoted by

M Mi

€M 7Mdnui 7/1' )

a7 (18)

see for instance [-'_2-4:], where M = 1,...,4 is the
SU(4)g symmetry index, a,& = 1,2 are two-
component spinor indices, and ¢t =1,...,N — 2 is
related to the color index. The first sixteen of
these GCC, £ and 7™ are related to supersym-
metry and superconformal supersymmetry, i.e.,
their zero modes can be obtained by acting with
the super(conformal-) symmetry transformations
on the bosonic instanton configuration. Only half
of the symmetries are broken, so for N' = 4 we
get 8 + 8 = 16 fermionic zero modes.

In instanton calculations, one is interested in
the instanton action. This is obtained by plug-
ging in the instanton configuration (which in ' =
4 SYM is only an approximate solution to the
field equations) into the SYM action and inte-
grating over four-dimensional space. The result-
ing action only depends on the collective coordi-
nates, and for k = 1, SU(N) SYM, it is [24],

2
4 M -Ni , P-Qj
Sinst = T IR MNPQ pi" g

(19)
where g2 is the YM coupling constant.

The remaining of this paper is to understand
this result in terms of superconformal hypermul-
tiplet sigma models, and to point out the relation
with the quaternionic geometry described above.
All the collective coordinates are organized in hy-
permultiplets, and we have N of them. Two
hypermultiplets are special, they comprise the
eight scalars zf, p, g and fermions &M M This
“universal” sector appears in every SYM the-
ory, and is independent of the gauge group. The
fermions of the universal sector will not appear
in the instanton action, since they are protected
by super(conformal-)symmetry. The other hy-
permultiplets contain the quaternionic gauge ori-
entation zero modes M and fermions pM, g,
The latter correspond to fermionic zero modes
which can not be obtained by acting with fermionic
symmetry transformations on the bosonic instan-

ton configuration. Hence one might expect them
in the instanton action, as (19) indeed confirms.
The instanton moduli space as a Higgs branch
was first discovered in the D5-D9 system in type
I string theory [21]. The corresponding world-
volume theory on the Higgs branch is a sigma
model in six dimensions with eight rigid super-
charges. The general action for such a system
contains kinetic terms for the scalars and fermions,
and a four-fermi term coupled to the Riemann
tensor of the 4n-dimensional hyper-Kéhler tar-

get space [Z-Q‘] ,

S47fermi X Raped EMNPQ 'lpMawa'lpPCde .

(20)
Here M is a six-dimensional SU(4) ~ SO(6)
symplectic Majorana spinor, ey npg is the to-
tally antisymmetric SU(4) invariant tensor, a =
1,...,2n is the Sp(n) index, and Rgpeq is the to-
tally symmetric Sp(n) curvature of the hyper-
Kahler target space, which has holonomy group
contained in Sp(n), see [15, 27| for more details.
The instanton action in (f9) can be compared
with the system in (20) by dimensional reduc-
tion to zero dimensions. In terms of string the-
ory, we are then describing the D(-1)-D3 sys-
tem, which is well known to represent a four-
dimensional SYM instanton [2-2‘] After dimen-
sional reduction, all kinetic terms have disap-
peared and one is left with only the Riemann
tensor as in (20). Applied to the k = 1 SU(N)
instanton model, we have n = N, and the 8N
fermions ™% comprise ¢M, pMa M M
because the ¢ and 7 zero modes are protected

. Now,

by super(conformal-)symmetry, they cannot ap-
pear in the instanton action. So the only surviv-
ing components are the ones where the Riemann
tensor has its indices in the subspace Sp(N —
2) C Sp(N). This is in accord with the gen-
eral structure presented above. First one factors
out the centre of mass coordinates, such that the
reduced instanton moduli space has holonomy
contained in Sp(N — 1). As was shown in [16],
the Sp(N — 1) curvature of this special hyper-
Kahler space has a quaternionic zero eigenvector.
This corresponds to the fact that the supercon-
formal zero modes do not appear in the instan-
ton action. Secondly, this reduced moduli space
is a cone over an Sp(1) fibration of a 4(N — 2)-
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dimensional quaternionic manifold, with holon-
omy group contained in Sp(1)Sp(N — 2). Its co-
ordinates are given by qZ-M and we expect that it
is precisely the Sp(N — 2) curvature which cou-
ples to the four-fermi term containing the u}’s.
For £k = 1, one can compue the Riemann ten-
sor of the instanton moduli space explicitly, it is
essentially determined by the Riemann tensor of
the corresponding Wolf space. Since these spaces
are symmetric, there is a basis of coordinates
in which all components of the curvature tensor
(with two upper and two lower indices) are con-
stant and determined by the structure constants
of the coset space. This is consistent with (i9),
although the details of the computations remain
to be worked out. We hope to come back to this
in the future.

To conclude, we believe that the relation be-
tween instanton moduli spaces and quaternionic
geometry is worth pursuing.
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