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We present results from investigations of periodic (sinusoidal) and burst signal (colliding travelling
wave) configurations of axion strings, performed using adaptive mesh refinement simulations. We
model the dependence of the massless axion and massive particle radiation on the amplitude and
radius of curvature of the string 𝑅. We conclude that the Kalb-Ramond thin-string approximation
is valid in the linear regime for sinusoidal strings, and that massive radiation is exponentially
suppressed in this regime by parameters that determine the string curvaturem i.e. the amplitude 𝐴

and width of the travelling wave ∼ 𝜎d. In the nonlinear regime, massless and massive radiation are
power-law suppressed with the power law index determined by the ‘regime’ of behaviour, related
to the relationship between 𝑅, 𝐴, 𝛿 and 𝜎d as defined in [1]. For burst signals, in the regime where
𝑅 < 𝜎d but 𝑅 is not so low as to form coherent loops, massive particle radiation comprises up
to 50% of the total signal. We postulate that this modelling could be usefully incorporated into
gravitational wave burst signal predictions and axion spectrum measurements for string networks.
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1. Introduction

Axion strings arise from high energy physics models which incorporate the breaking of a global
𝑈 (1) symmetry. Motivated by simple extensions to the Standard Model, such as axion dark matter
models, grand unified theories and string theory, they arise cosmologically as a result of a ‘phase
transition’ in the early Universe and radiate energy via massless axions and massive particles [2].
The mechanism behind these two decay channels is a crucial point of discussion for axion string
network evolution and gravitational wave (GW) modelling.

In these proceedings, we outline the methods and main results obtained from parameter scans of
sinusoidal and travelling wave axion string configurations, in particular determining the dependence
of massive and massless radiation on the string amplitude 𝐴 and radius of curvature 𝑅. Detailed
information about this work can be found in [1, 3, 4].

2. Methods

The Lagrangian density L for the complex scalar field 𝜑 = 𝜙𝑒𝑖𝜗 = 𝜙1 + 𝑖𝜙2 considered is

L = (𝜕𝜇 𝜑̄) (𝜕𝜇𝜑) −𝑉 (𝜑) , (1)

with the potential
𝑉 (𝜑) = 1

4
𝜆(𝜑̄𝜑 − 𝜂2)2 . (2)

The constant 𝜂 sets the symmetry breaking scale and the massive particle mass in the broken
symmetry state 𝑚H =

√
𝜆 𝜂. Axion string solutions can be obtained by numerically solving the

static Euler-Lagrange equations for the system,

𝜕2𝜙

𝜕𝑟2 + 1
𝑟

𝜕𝜙

𝜕𝑟
− 1
𝑟2 𝜙 − 1

2
𝜙(𝜙2 − 𝜂2) = 0 , (3)

in cylindrical symmetry, subject to the boundary conditions 𝜙(0) = 0 and 𝜙 → 𝜂 as 𝑟 → ∞, to
obtain the static string profile 𝜙(𝑟).

We have performed parameter scans over sinusoidal periodic (scan over string width) and analytic
travelling wave configurations (scan over amplitude 𝐴 and approximate width ∼ 𝜎d) of axion
strings. In these proceedings, we focus on the most recent work on burst configurations, obtained
by the collision of travelling waves along the string and presented in more detail in [1]. Detailed
information about the implementation of sinusoidal configurations can be found in [3, 4].

Analytic travelling wave solutions along an axion string, derived in [5], can be found by redefining
𝑥 → 𝑋 in the initial data, where the new 𝑋-coordinate is given by

𝑋 = 𝑥 − 𝜓(𝑧 ± 𝑡) . (4)

The function 𝜓(𝑧 ± 𝑡) defines the shape of the travelling wave and the direction of travel along
the string, in the positive or negative 𝑧-direction. We choose to implement two Gaussian travelling
waves given by:

𝜓(𝑧 ± 𝑡) = 𝜓G(𝑧 + 𝑡) ± 𝜓G(𝑧 − 𝑡) , (5)
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where 𝜓𝐺 is given by

𝜓𝐺 (𝑧 ± 𝑡) = 𝐴 exp

{
− (𝑧 ± 𝑡 ∓ 𝑏)2

2𝜎2
d

}
. (6)

Here, 𝐴 is the amplitude, 𝑏 is the displacement from the centre of the simulation box at 𝑧 = 0, and
𝜎d is the standard deviation i.e. approximately the width of the source.

We perform parameter scans of this configuration over initial amplitudes from 0.4 ≤ 𝐴 ≤ 35 with
fixed standard deviations 𝜎d = 2 and 𝜎d = 6, as well as a parameter scan from 1 ≤ 𝜎d ≤ 6, with
fixed amplitude 𝐴 = 5. In effect, these are scans over the radius of curvature 𝑅 of the string which
determines the string energy per unit length. This is given by

𝜇 ≈ 𝜇0 + 2𝜋𝜂2 ln(𝑅/𝛿) , (7)

where 𝜇0 is the contribution from the massive string core and the second term is the contribution
from the long-range massless field, with the string width 𝛿 ∼ 𝑚−1

𝐻
. The radius of curvature of a

Gaussian perturbation of a string, over which we scan in this study, is minimised at its peak with
a value of 𝑅Gaussian = 𝜎2

d /𝐴 . More specific details of the analytic and numerical implementation
using the adaptive mesh refinement code GRChombo [6, 7] are given in [1, 3, 4].

To measure the energy radiated by massive and massless radiation, we use the diagnostics

𝐸massive =

∫
𝑃massive d𝑡 ∝

∫
(Π𝜙D𝜙) · r̂ d𝑆d𝑡 , (8)

𝐸massless =

∫
𝑃massless d𝑡 ∝

∫
(Π𝜗D𝜗) · r̂ d𝑆d𝑡 . (9)

Here, 𝑆 is a cylindrical extraction surface around the string and we have defined

Π𝜙 ≡ ¤𝜙 =
𝜙1 ¤𝜙1 + 𝜙2 ¤𝜙2

𝜙
, D𝑖𝜙≡ ∇𝑖𝜙=

𝜙1∇𝑖𝜙1 + 𝜙2∇𝑖𝜙2
𝜙

, (10)

Π𝜗 ≡ 𝜙 ¤𝜗 =
𝜙1 ¤𝜙2 − 𝜙2 ¤𝜙1

𝜙
, D𝑖𝜗≡ 𝜙∇𝑖𝜗=

𝜙1∇𝑖𝜙2 − 𝜙2∇𝑖𝜙1
𝜙

. (11)

3. Results and Conclusion

Figure 1 shows example evolutions for 𝐴 = 4 and 𝐴 = 20, both with 𝜎d = 2. We observe
fundamentally different qualitative behaviour of the travelling waves between the two examples.
For the lower amplitude 𝐴 = 4, the two travelling waves collide, pass through each other and move
apart, with internal mode oscillations generated at the point of collision continuing to radiate over
time. For the highly nonlinear 𝐴 = 20, the travelling waves have sufficient energy at the point of
collision that they instantaneously create an additional loop of string. The loop reconnects with the
long string such that the central portion of the string is displaced. The extreme topological regime
at very high amplitude is therefore fundamentally different from the behaviour we observe in the
other regimes, even compared to other nonlinear configurations.

Figure 2 gives two examples of the quantitative results obtained from the parameter scans, specifi-
cally 1 ≤ 𝜎d ≤ 6 with 𝐴 = 5 and 0.4 ≤ 𝐴 ≤ 35 with 𝜎d = 2. We observe that in the first scan over
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Figure 1: 2D slices of |𝜙 | for Gaussian/Gaussian travelling wave configurations over time, running from left
to right. The top row shows 𝐴 = 4 and 𝜎d = 2, and the bottom row is 𝐴 = 20 and 𝜎d = 2

an approximately linear regime, the massive radiation is exponentially suppressed with 𝑅Gaussian,
specifically with 𝜎d, and the massless radiation is approximately independent of 𝜎d. For the second
scan within the highly nonlinear regime, we observe that both massive and massless radiation are
power-law suppressed with approximately equivalent power law indices. The low amplitude region
on the right of the plot of the nonlinear regime can be fitted to 𝐸 ∝ 𝐴4 for both channels, and the
higher amplitude region to 𝐸 ∝ 𝐴2. In the lower amplitude region here, the massive and massless
signals are of approximately equal magnitude.

We conclude that the characterisation of massive radiation as exponential or power-law suppressed
with string curvature depends on the specific regime and relationship between the string parameters
𝑅, 𝛿, 𝐴 and 𝜎d [1]. Previous work not presented here [3, 4] has shown that sinusoidal configurations
in the linear regime agree with thin-string Kalb-Ramond analytic modelling. The details of this
modelling are likely to be of use in GW searches for cosmic strings or the measurement of the axion
spectrum from numerical simulations of axion string networks.
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Figure 2: Massive (blue) and massless (yellow) radiation emitted from Gaussian/Gaussian collisions with
amplitude 1 ≤ 𝜎d ≤ 6 with 𝐴 = 5 (left) and 0.4 ≤ 𝐴 ≤ 35 with 𝜎d = 2 (right). The plots show the time
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diagnostic cylinder at 𝑅 = 64 integrated from 𝑡 = 0 to 𝑡 = 200.
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