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A weighted multidetector extension to the 5-vector
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The 5-vector method is one of the main pipeline used by the LIGO-Virgo-KAGRA Collaboration
for the analysis of continuous gravitational waves (CWs). This method is a matched filter in the
frequency domain based on the splitting in five frequencies of the expected gravitational wave
frequency due to the Earth sidereal motion. The data 5-vector is composed by five components,
each defined as the Fourier transform of the data at one of the five frequencies where the signal
power is split. When dealing with a scenario involving 𝑛 detectors, the standard multidetector
extension combines the data 5-vector from each detector, resulting in a total of 5𝑛 components. In
this paper, we introduce a novel multidetector extension that goes beyond the standard approach.
It takes into consideration the varying noise levels and observation times associated with each
detector, offering a more sophisticated and effective approach for CWs analysis.
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1. Introduction

The 5-vector method [1] is a frequentist pipeline used by the LIGO-Virgo-KAGRA Collabo-
ration for the analysis of continuous gravitational waves (CW) that could be emitted by spinning
neutron stars with a non-axisymmetric mass distribution. In the source frame, CW signal are
quasi-monochromatic with the gravitational wave frequency 𝑓𝑔𝑤 that is proportional to the source
rotation frequency according to the emission model [2].

In the 5-vector formalism, the CW signal ℎ(𝑡) at the detector can be written as [1]:

ℎ(𝑡) = 𝐻0(𝐻+𝐴+ + 𝐻×𝐴×)𝑒𝑖Φ(𝑡 ) (1)

where
𝐻+ =

cos(2𝜓) − 𝑖𝜂 sin(2𝜓)√︁
1 + 𝜂2

and 𝐻× =
sin(2𝜓) + 𝑖𝜂 cos(2𝜓)√︁

1 + 𝜂2
. (2)

𝜂 and 𝜓 are the polarization parameters and 𝐻0 the amplitude. The two functions 𝐴+/× entail the
detector response to the coming CW signal [1].

The phase Φ(𝑡) in (1) shows a time dependence due to different phenomena (spin-down,
Doppler effects) that modulate in time the received signal frequency. After the Doppler and spin-
down corrections (see [3]), there is a residual modulation in amplitude and phase due to the Earth
sidereal modulation that splits the signal into the 5 frequencies 𝑓gw, 𝑓gw ±Ω⊕, 𝑓gw ± 2Ω⊕ where Ω⊕
is the Earth’s sidereal angular frequency.

The data 5-vector X and the signal template 5-vectors A+/× are defined as the Fourier transforms
of the data and of the template functions 𝐴+/× at the 5 frequencies where the signal power is split.
The 5-vector method defines two matched filters between the data X and the signal templates A+/×

vectors, used in order to maximize the signal-to-noise ratio:

𝐻̂+ =
X · A+

|A+ |2
and 𝐻̂× =

X · A×

|A× |2
(3)

These two matched filters are used [1] to estimate the signal parameters and to construct the detection
statistic. In this paper, we first review the standard multidetector extension of the 5-vector and then,
propose a new method that considers the different detectors’ noise levels and observation times.

2. Standard multidetector extension

Let us consider a network of 𝑛 detectors and for the j-th detector, let us compute the corre-
sponding signal Xj and template 5-vectors A+/×

j . In [4], the 5n-vectors are defined as:

X = [X1, ...,Xn] , A+ = [A+
1 , ...,A

+
n] , A× = [A×

1 , ...,A
×
n ] (4)

combining the data 5-vectors Xj and the template 5-vectors A+/x
j (with 𝑗 = 1, .., 𝑛) for the considered

pulsar in the j-th detector. The multi-detector statistic 𝑆 (as defined in [5]) is:

𝑆 =
|A+ |4∑𝑛

𝑗=1 𝜎
2
𝑗
𝑇𝑗 |A+

𝑗 |2
|𝐻̂+ |2 +

|A× |4∑𝑛
𝑘=1 𝜎

2
𝑘
𝑇𝑘 |A×

𝑘 |2
|𝐻̂× |2 . (5)
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where 𝜎2
𝑗

and 𝑇𝑗 are the variance of the data distribution in a frequency band around 𝑓𝑔𝑤 (usually
few tenths of Hz wide) and the observation time in the j-th detector. The matched filter 𝐻̂+ is defined
as (the same for 𝐻̂×):

𝐻̂+ =
X · A+

|A+ |2
=

𝑛∑
𝑗=1

X 𝑗 · (A+
𝑗 )∗

𝑛∑
𝑘=1

A+
𝑘 · (A

+
𝑘)∗

=
1

|A+ |2
(
|A+

1 |
2 · 𝐻̂+,1 + ... + |A+

𝑛 |2 · 𝐻̂+,𝑛
)

(6)

In 𝐻̂+/×, each data 5-vector “interacts" only with the corresponding template.
In the hypothesis of Gaussian noise with zero mean and variance 𝜎2

𝑗
, the corresponding

components of the data 5-vector are also distributed according to a complex Gaussian distribution
with mean value zero and variance 𝜎2

𝑗
· 𝑇𝑗 . Therefore, 𝐻̂+/× have also Gaussian distributions,

𝐻̂+/× ∼ 𝐺𝑎𝑢𝑠𝑠

(
𝑥; 0, 𝜎2

+/×

)
with 𝜎2

+/× =

𝑛∑︁
𝑗=1

𝜎2
𝑗
· 𝑇𝑗 · |A+/×

𝑗
|2

|A+/× |4
(7)

Since |𝐻̂+/× |2 = Re[𝐻̂+/×]2+Im[𝐻̂+/×]2, it follows that |𝐻̂+/× |2 ∼ 𝐸𝑥𝑝(𝑥;𝜎2
+/×) and 𝑆 ∼ Γ(𝑥; 2, 1).

Let us consider the toy case of a network of 𝑛 co-located ( |A+/×
𝑘

|2 = |A+/×
1 |2 ,∀ 𝑘) detectors

with the same observation time 𝑡. In this case, the variances 𝜎2
+/× are:

𝜎2
+/× =

𝑡

|A+/×
1 |2

∑𝑛
𝑗=1 𝜎

2
𝑗

𝑛
(8)

This essentially means that we are treating the entire network as if it were a single detector, with a
variance equal to the arithmetic mean of the variances of the individual detectors. It’s important to
note that even in this scenario, the multidetector analysis does not necessarily outperform the most
sensitive detector alone.

3. Weighted multidetector extension

Since the noise levels and the observation times in the detectors can be different, the standard
5n-vector could reduce the signal-to-noise ratio compared to the 5-vector of the most sensitive
detector. In this Section, we define the "weighted" data 5n-vector as:

X = [𝑐1X1, ..., 𝑐𝑛X𝑛] (9)

where the weights 𝑐 𝑗 are:

𝑐 𝑗 =

√
𝑛√︂

𝑛∑
𝑖=1

(
𝑇𝑖

𝜎2
𝑖

) √︄ 𝑇𝑗

𝜎2
𝑗

=
√
H ·

√︄
𝑇𝑗

𝜎2
𝑗

(10)

and H is the harmonic mean of the time-weighted variances.
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The matched filters are (the same for 𝐻̂×):

𝐻̂+ =
X · A+

|A+ |2
=

𝑛∑
𝑗=1

𝑐 𝑗X 𝑗 · (A+
𝑗 )∗

𝑛∑
𝑘=1

A+
𝑘 · (A

+
𝑘)∗

=
1

|A+ |2
(
𝑐1 |A+

1 |
2𝐻̂+,1 + ... + 𝑐𝑛 |A+

𝑛 |2𝐻̂+,𝑛
)

(11)

In the hypothesis of Gaussian noise for the j-th detector with variance𝜎2
𝑗
, the two complex estimators

𝐻̂+/× have also Gaussian distributions,

𝐻̂+/× ∼ 𝐺𝑎𝑢𝑠𝑠

(
𝑥; 0, 𝜎2

+/×

)
with 𝜎2

+/× =

𝑛∑︁
𝑗=1

(𝑐 𝑗𝜎𝑗)2 · 𝑇𝑗 · |A+/×
𝑗

|2

|A+/× |4
(12)

Using the 𝑐 𝑗 , we re-define the noise variance in each detector:

(𝑐 𝑗𝜎𝑗)2 =
𝑛 · 𝑇𝑗

𝑛∑
𝑖=1

(
𝑇𝑖

𝜎2
𝑖

) (13)

If the observation time was the same (∀ 𝑗 , 𝑇𝑗 = 𝑡), this corresponds to "equalize" the noise in each
detector. In this case, it follows that:

𝜎2
+/× =

𝑛∑︁
𝑗=1

(𝑐 𝑗𝜎𝑗)2 · 𝑇𝑗 · |A+/×
𝑗

|2

|A+/× |4
=

𝑛 · 𝑡
𝑛∑
𝑖=1

(
1
𝜎2
𝑖

) 𝑛∑
𝑘=1

|A+/×
𝑘

|2
(14)

Considering the toy case previously discussed, the variances are

𝜎2
+/× =

𝑡
𝑛∑
𝑖=1

(
1
𝜎2
𝑖

)
|A+/×

1 |2
(15)

This corresponds to consider one detector with observation time 𝑡 and variance 𝑉2 given by:

𝑉2 =
1

𝑛∑
𝑖=1

(
1
𝜎2
𝑖

) =
H
𝑛

(16)

Here, H represents the harmonic mean of the variances of the individual detectors. Since there is
the condition:

𝑚𝑖𝑛{𝜎2
1 , ..., 𝜎

2
𝑛}

𝑛
≤ H

𝑛
≤ 𝑚𝑖𝑛{𝜎2

1 , ..., 𝜎
2
𝑛} (17)

it follows that for 𝑛 co-located detectors with the same observation time, using the coefficients 𝑐 𝑗

always results in an improvement in detection sensitivity. This is different from what was found in
the classic definition of the 5n-vector, as shown in (8).

It is evident that in the general case, with detectors located at different positions and having
varying observation times, a multi-detector analysis may not necessarily outperform the most
sensitive detector.
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4. Conclusion

In conclusion, the standard multidetector extension of the 5-vector method does not consistently
yield better sensitivity when compared to the most sensitive individual detector.

In this paper, we have introduced a novel multidetector extension of the 5-vector method,
taking into account the detectors sensitivities and their respective observation times. Our analytical
results, based on a simplified scenario involving 𝑛 co-located detectors, demonstrate that the
weighted extension consistently outperforms the standard extension, as opposed to the case of using
the most sensitive detector alone.

However, in the more general context of having 𝑛 different detectors, it remains unclear under
which conditions a multidetector analysis outperforms the most sensitive single detector analysis.
In the next future, a criterion that considers the source’s sky position, detector sensitivities, and
observation times should be analyzed. This criterion will help determine when and which detectors
should be employed to effectively enhance sensitivity in CW targeted searches.
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